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ON THE FORMULATION OF THE AERODYNAMIC CHARACTERISTICS IN 
AIRCRAFT DYNAMICS* 
Murray Tobak and L e w i s  B. S c h i f f  
Ames Research Center 
1. INTRODUCTION 
As a i r c r a f t  des ign  has  evolved toward more s l ende r  planforms i n  
response t o  t h e  demand f o r  higher  speeds,  aerodynamic phenomena (e.g. ,  
shock waves and concent ra ted  v o r t e x  f lows)  have appeared t h a t  earlier 
w e r e  a s s o c i a t e d  more wi th  the  f l i g h t  of p r o j e c t i l e s  than  wi th  t h a t  of 
a i r c r a f t .  The appearance of t h e s e  f lows has  a l t e r e d  t h e  a i r c r a f t ' s  
aerodynamic behavior ,  and consequently i t s  dynamical behavior ,  i n  ways 
t h a t  o f t e n  are n o t  p r e d i c t a b l e  on t h e  b a s i s  of Zinearized formulat ions 
of t h e  aerodynamic f o r c e  and moment system. It is  gene ra l ly  agreed 
t h a t  c o n s i s t e n t l y  s u c c e s s f u l  p r e d i c t i o n s  of dynamical behavior under 
t h e  new cond i t ions  h inge  on inco rpora t ing  a n  adequate  nonzinear dep ic t ion  
of t h e  aerodynamic f o r c e  and moment system wi th in  t h e  equat ions of 
mo t ion.  
A number of fundamental ques t ions  are r a i s e d  by t h e  n e c e s s i t y  of 
r ep lac ing  t h e  l i n e a r  aerodynamic formula t ion  wi th  a nonl inear  one. 
Concepts such as s t a b i l i t y  d e r i v a t i v e s ,  i n d i c i a 1  func t ions ,  and super- 
p o s i t i o n ,  which w e r e  t h e  main working t o o l s  i n  t h e  a n a l y s i s  and 
p r e d i c t i o n  of dynamical motions,  are a l l  based i m p l i c i t l y  on a l i n e a r i t y  
assumption. A r e  t h e s e  concepts  a t  a l l  v i a b l e  when t h e  l i n e a r i t y  
*Presented as a c o n t r i b u t i o n  t o  a course  o f  lectures on "Aircraft 
S t a b i l i t y  and Control" a t  t h e  Von Karman I n s t i t u t e  f o r  F lu id  Dynamics, 
Brussels ,  Belgium, May 12-16, 1975. 
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assumption is removed, o r  must they  be abandoned? How are t ime-his tory 
e f f e c t s  t o  b e  t r e a t e d ?  For nonplanar motions,  how are coupl ing e f f e c t s ,  
which could be neglec ted  under t h e  l i n e a r i t y  assumption, t o  be t r e a t e d ?  
What about experiments? How are t h e i r  requirements  and t h e i r  i n t e rp re -  
t a t i o n  changed wi th  t h e  adopt ion of a nonl inear  aerodynamic formulat ion? 
About t e n  yea r s  ago, t h e  i d e a  w a s  introduced of us ing  f u n c t i o n a l  
a n a l y s i s  as t h e  v e h i c l e  f o r  extending t h e  l i n e a r  formulat ion i n t o  t h e  
nonl inear  domain [1 ,2] .  The adopt ion of V o l t e r r a ' s  o r i g i n a l  concept ion 
of a func t iona l  [3 ]  enabled t h e  cons t ruc t ion  (without invoking a 
l i n e a r i t y  assumption) of an  i n t e g r a l  form f o r  t h e  aerodynamic response 
t h a t  included t h e  most gene ra l  l i n e a r  formulat ion as a s p e c i a l  case. 
A framework w a s  thereby e s t a b l i s h e d  of s u f f i c i e n t  breadth  t o  enable  
answering some of t h e  ques t ions  j u s t  posed. I n i t i a l l y ,  only p lanar  
motions w e r e  s tud ied  wi th  a view toward answering t h e  ques t ions  about  
t h e  a d a p t a b i l i t y  of t h e  l inear  concepts  and t h e  t rea tment  of t ime-his tory 
e f f e c t s [ 1 , 2 ] .  L a t e r  e f f o r t s  focused on nonplanar motions,  f i r s t  of 
bodies  of r evo lu t ion  [ 4 - 6 1 ,  then  of more gene ra l  bodies  [ 7 , 8 ] ,  aimed a t  
answering t h e  ques t ion  about  coupl ing e f f e c t s ,  Within t h e  p a s t  few 
yea r s ,  e f f o r t  has been d i r e c t e d  toward making t h e  formulat ion more 
a p p l i c a b l e  t o  t h e  t rea tment  of dynamical motions of a i r c r a f t  w i th in  t h e  
s t a l l  and p o s t - s t a l l  regimes [91. 
The occasion of t h i s  course  provides  t h e  au tho r s  wi th  a welcome 
oppor tuni ty  t o  p re sen t  a connected account of t h e  theo ry ' s  main l i n e s  
of development s i n c e  i t s  incep t ion  t e n  yea r s  ago. The p a p e r  begins wi th  
a b r i e f  review of t h e  most genera l  l i n e a r  i n t e g r a l  r e p r e s e n t a t i o n  of t h e  
aerodynamic response f o r  a p lanar  motion involving two v a r i a b l e s .  An 
i 
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examination of t h e  p r i n c i p a l  f a i l i n g  of t h e  l i n e a r  i n t e g r a l  forms l e a d s  
n a t u r a l l y  t o  t h e  i d e a  of r ep lac ing  t h e  i n d i c i a l  func t ions  w i t h i n  t h e  
i n t e g r a l s  by f u n c t i o n a l s ,  themselves dependent on t h e  p a s t  motion. The 
formal (and r igo rous )  n a t u r e  of t h i s  replacement is  s t r e s s e d  t o  make 
clear t h a t  t h e  t rea tment  of more complicated motions involving any 
number of v a r i a b l e s  fo l lows  merely by an  a p p l i c a t i o n  of t h e  s a m e  
formalism. Then, s impl i fy ing  approximations are in t roduced ,  aimed a t  
reasonably spec i fy ing  t h e  degree t o  which t h e  i n d i c i a l  responses  can be 
cognizant  of t h e  p a s t  motion. The degree of cognizance allowed i s  shown 
l a r g e l y  t o  determine t h e  g e n e r a l i t y  of aerodynamic phenomena whose 
e f f e c t s  can be acknowledged w i t h i n  t h e  scope of t h e  r e s u l t i n g  formulat ion.  
A simple s p e c i f i c a t i o n  l eads  t o  nonl inear  forms of t h e  aerodynamic 
response t h a t  can be  recognized as p r a c t i c a b l e  gene ra l i za t ions  of t h e  
l i n e a r  supe rpos i t i on  and s t a b i l i t y  d e r i v a t i v e  formulat ions.  Next, 
nonplanar motions are taken up and t h e  ques t ion  of coupl ing addressed. 
S impl i f i ca t ion  of t h e  gene ra l  formulat ion (al lowing t h e  i n d i c i a l  
responses  t o  have t h e  s a m e  degree of cognizance of t h e  p a s t  motion as 
before)  y i e l d s  a form f o r  t h e  t o t a l  moment due t o  an  a r b i t r a r y  motion 
t h a t  can be compounded of t h e  moment c o n t r i b u t i o n s  from a l i m i t e d  
number of well-defined c h a r a c t e r i s t i c  motions. It is  h e r e  t h a t  t h e  
p a r t i c u l a r  importance of coning motion emerges as a motion c h a r a c t e r i z i n g  
t h e  coupl ing problem. The c h a r a c t e r i s t i c  motions i n  p r i n c i p l e  being 
reproducib le  i n  t h e  wind tunnel ,  t h e  r e s u l t  a l s o  provides  t h e  s e t t i n g  
f o r  a d i scuss ion  of t h e  kinds of wind-tunnel tests t h a t ,  according t o  
t h e  formula t ion ,  may be requi red  t o  enable  c o n s i s t e n t l y  success fu l  
p r e d i c t i o n s  of dynamical behavior ,  
3 
2. COORDINATE SYSTEMS 
Three coordinate systems will be used. 
at the body's mass-center and a common axis 
tudinal axis of the body. 
They have a common origin 
% alined with a longi- 
Axes xB, yB, zB are body-fixed axes (Fig. 1). The flight 
velocity vector of magnitude V has components uB, vB, wB resolved 
XB' YB' z BY respectively. Thus , 
v =  4- B B 
t 
! 
( a  1 CROSSFLOW PLANE (b  1 RESULTANT ANGLE-OF-ATTACK PLANE 
Fig. 1. Axes, angles, and velocity components in the crossflow and 
resultant angle-of-attack planes. 
Resultant angle of attack u 
and the xB axis. The plane formed by yB, z is called the crossflow 
is defined by the flight velocity vector 
B 
4 
plane,  i l l u s t r a t e d  i n  Fig.  l ( a ) .  The p r o j e c t i o n  of a u n i t  vec tor  i n  t h e  
f l i g h t  v e l o c i t y  d i r e c t i o n  onto  t h e  c ross f low p lane  is a v e c t o r  w i t h  
magnitude 6 ;  i t  w i l l  be c a l l e d  t h e  (dimensionless) crossf low v e l o c i t y  
vec tor .  Reference t o  Fig.  l ( b )  g ives  
(2) 
6 -  4m = s in  0 
= cos CI 
B U 
Y =  7 
= t a n  0 6 
Y 
= -  
The components of t h e  body's angular  v e l o c i t y  r e l a t i v e  t o  i n e r t i a l  space,  
resolved along % y  yB, zB, are pBY qB, rB, r e s p e c t i v e l y .  
- -  
A second a x i s  system xB, y ,  z is  n o n r o l l i n g  wi th  r e s p e c t  t o  
i n e r t i a l  space.  S p e c i f i c a l l y ,  t h e  xBY y,  z axes have an angular  
v e l o c i t y  wi th  r e s p e c t  t o  i n e r t i a l  space whose component resolved along 
t h e  xB a x i s  i s  zero ,  whi le  t h e  components resolved along 7, 2 are 
G, ?, r e s p e c t i v e l y .  The a n g l e  4 through which t h e  body axes have 
r o l l e d  a t  any t i m e  t can be def ined r e l a t i v e  t o  t h e  nonro l l ing  a x i s  
system as 
- -  
The angular  i n c l i n a t i o n  A of t h e  c ross f low v e l o c i t y  v e c t o r  6 i s  
measured r e l a t i v e  t o  t h e  n o n r o l l i n g  axis system, while  $ i s  t h e  
5 
angular inclination of the 
With the aid of Fig. l(a), 
body axes from the 
the body roll rate 
p,=i+j, 
crossflow velocity vector. 
is seen to be 
( 4 )  
- -  
The components 
in the nonrolling axis system are related to those in the body axis 
system p 
pB, q ,  r of the body's angular velocity vector resolved 
through B y  'B' rB 
I 
6 + i; = ei'(qB + irB) ( 5 )  
Finally, an axis system x y ,  z will be called the aerodynamic B '  
axis system. Axis z lies in the crossflow plane and is alined with 
the direction of 6; axis y lies in the crossflow plane alined with 
a direction normal to the direction of 6. The components of the body's 
angular velocity resolved in the aerodynamic axis system PB' q, are 
related to those resolved in the body axis system through 
It will be noted (cf. Fig. l(b)) that 6 and + are no more than the 
polar coordinates of the dimensionless velocities w /V and vB/V in 
the body axis system. Let w,/V be called the angle-of-attack 
B 
parameter 6 and 
are related to the 
angle of sideslip 
u 
A h  
v /V the angle-of-sideslip parameter 6 ;  a and i!? 
standard NASA definitions of angle of attack a and 
B through 
B 
tan c1 = w /u 
sin B = vB/V 
= &/y  
= B 
B B  
h 
I 
6 
and to 6 and $ through 
The components of the aerodynamic force coefficient resolved along 
the body axes xB, yB, zB are ex, 4, Cz, respectively, while the 
corresponding components of the aerodynamic moment coefficient (about 
the mass-center) are Cz, Cm, Cn, respectively. Analogously, the 
components of the force and moment coefficients resolved along the 
A h  A 
aerodynamic axes xB, y, z are Cx, Cy, Cz and cz, cm, Cn' 
respectively. Components of the aerodynamic moment coefficient resolved 
in the aerodynamic axis system are related to those resolved in the body 
axis system through 
A cz = cz 
(9) 
cm + icn = ei'(tm + itn) 
Corresponding relations between the components of the aerodynamic force 
coefficient are obtained by replacing 2, m, n by X, Y, Z, respectively 
in E q .  ( 9 ) .  
To completely describe the state of a six-degree-of-freedom motion 
of a rigid body, it is necessary to specify the velocity and angular 
velocity vectors of the body. These may be expressed in terms of their 
scalar components resolved in the body-fixed axes 
or equivalently by &, 8 ,  V, pB, qB, rB. 
axis system the motion is specified by the scalar variables 
q ,  r, or by 6, $, V, i, q ,  r, since pB is related to 3, and 
uB, vB, wB, pB, qB, rB, 
Analogously, in the aerodynamic 
6, +, V, pB, 
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through Eq. (4). These are t h e  p r i n c i p a l  v a r i a b l e s  on which t h e  
aerodynamic f o r c e  and moment formula t ion  must depend i n  genera l ,  
a l though,  as w i l l  be  seen,  c e r t a i n  s i m p l i f i c a t i o n s  are p o s s i b l e  i n  s p e c i a l  
cases. 
3. DEVELOPMENT OF INTEGRAL FORMS 
For s i m p l i c i t y ,  t h e  fo l lowing  (removable) cond i t ions  are imposed i n  
a l l  of t h e  work t o  fol low: (1) t h e  a i r c r a f t  is considered t o  be  a r i g i d  
body which, p r i o r  t o  t i m e  zero ,  has  been i n  s t eady  f l i g h t  f o r  a long 
t ime; (2) a t  t i m e  zero ,  t h e  a i r c r a f t  begins  a maneuver i n  which a l t i t u d e  
changes are s u f f i c i e n t l y  small t h a t  atmospheric d e n s i t y  and kinematic 
v i s c o s i t y  a long  t h e  f l i g h t  pa th  remain e s s e n t i a l l y  cons t an t ;  (3) t h e  
a i r c r a f t ' s  v e l o c i t y  a long t h e  f l i g h t  pa th  a l s o  is  s p e c i f i e d  t o  remain 
cons tan t .  Hence, dynamic p res su re ,  Mach number, and Reynolds number as 
measured along t h e  f l i g h t  pa th  remain f i x e d  throughout t h e  motion. 
t h e s e  r e s t r i c t i o n s ,  a genera l  motion r e f e r r e d  t o  t h e  body a x i s  system i s  
descr ibed by t h e  v a r i a b l e s  
a x i s  system, t h e  motion is  descr ibed  by t h e  v a r i a b l e s  
The development of an  i n t e g r a l  form f o r  t h e  l i n e a r  aerodynamic p i tch ing-  
moment response t o  two of t h e  v a r i a b l e s  w i l l  serve as a review of 
aerodynamic i n d i c i a 1  func t ions  and supe rpos i t i on .  
Under 
G ,  8 ,  pB, qB, rB; r e f e r r e d  t o  t h e  aerodynamic 
6 ,  $, i, q ,  r. 
3.1 Linear  Aerodynamic Pitching-Moment Response 
L e t  t h e  a i r c r a f t  begin a maneuver a t  t i m e  zero involv ing  only two 
of t h e  f i v e  f l i g h t  v a r i a b l e s  on which t h e  aerodynamic response depends 
( t h e  o t h e r s  being f i x e d  a t  ze ro ) .  
parameter 6 and t h e  p i t c h i n g  v e l o c i t y  q i n  t h e  aerodynamic a x i s  
To f i x  ideas ,  t h e  angle-of-at tack 
! 
I 
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system are chosen, s o  t h a t  t h e  motion is p lanar .  The extens ion  t o  a 
more gene ra l  motion involv ing  a l l  f i v e  motion v a r i a b l e s  w i l l  be  obvious. 
For b r e v i t y ,  a t t e n t i o n  i s  focused s o l e l y  on t h e  aerodynamic p i t c h i n g  
moment. A l l  t h a t  is s a i d ,  however, w i l l  hold as w e l l  f o r  any o t h e r  of 
t h e  f o r c e  o r  moment components t h a t  may exist merely on t h e  s u b s t i t u t i o n  
of t h a t  component f o r  C . m 
Consider t h e  aerodynamic pitching-moment response t o  t h e  v a r i a t i o n s  
i n  6 and q. It is  usua l ly  admiss ib le  t o  b reak  t h e  v a r i a t i o n s  i n t o  a 
l a r g e  number of s m a l l  s t e p  changes ( c f .  F ig ,  2 ) .  I n  response t o  t y p i c a l  
O T t 0 T t 
I 1 I 
0 T t 0 T t 
Fig. 2. Summation of incremental  responses .  
s t e p  changes A6 and A(qZ/V) a t  t i m e  T ,  t h e r e  is  an incremental  
change i n  p i t c h i n g  moment 
subsequent t o  T .  The assumption of l i n e a r i t y  is  now invoked, having, 
i n  t h e  contex t  of t h i s  r e p o r t ,  t h e  fol lowing meaning: ACm i s  s a i d  t o  
ACm; i t  is measured a t  a f ixed  t i m e  t 
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b e  independent of 6 ( ~ ) ,  q ( T ) ,  and t h e  p a s t  va lues  of t h e s e  v a r i a b l e s .  
This enables  w r i t i n g  i n  t h e  form A ‘m 
The form impl ies  t h a t  AC / A 6  and ACm/A(qZ/V) are d e r i v a b l e  from 
l i n e a r  d i f f e r e n t i a l  equat ions .  That they depend on e lapsed  t i m e  
r a t h e r  than  on t and r s e p a r a t e l y  impl ies  t h a t  t h e  c o e f f i c i e n t s  of 
t h e  d i f f e r e n t i a l  equat ions  are independent of t i m e .  
no te  t h e  fol lowing d i s t i n c t i o n :  
assumption does not  rest on t h e  a s s e r t i o n  t h a t  AC 
dependent on A 6  and A(qZ/V), o r  t h a t  t h e  c o n t r i b u t i o n s  t o  ACm from 
t h e  two increments are l i n e a r l y  a d d i t i v e .  Both of t h e s e  a s s e r t i o n s  are 
always j u s t i f i e d  whenever A 6  and A(qZ/V) are so small t h a t  t e r m s  of 
O((A6)2, (AqZ/V)2, (A6AqZ/V)) can be  neglec ted .  The s i g n i f i c a n c e  of t h e  
assumption l ies  i n  saying t h a t  t h e  two r a t i o s  are independent of 6 
and q.  Thus, no matter how l a r g e  t h e  values of 6 and q a t  t h e  
o r i g i n s  of t h e  s t e p s ,  t h e  response func t ions  A C  / A 6  and ACm/A(qz/V) 
are s a i d  t o  be t h e  same func t ions ,  dependent only on t - T .  The l i m i t s  
of t h e s e  func t ions  as A 6  and A(qZ/V) approach ze ro  
m 
t - T, 
It i s  important t o  
t h e  s i g n i f i c a n c e  of t h e  l i n e a r i t y  
is l i n e a r l y  m 
m 
AC ( t  - T )  
l i m  = Cm6(t - T) 
A6+0 
AC ( t  - T )  m 
= c ( t  - T )  1 i m  
A (qZ/V)+O A (Sz/v) mq 
(11) i 
are c a l l e d  t h e  i n d i c i a 1  pitching-moment responses  p e r  u n i t  s t e p  changes 
i n  6 and qZ/V, r e spec t ive ly .  Every p a i r  of s t e p s  i n  6 and qZ/V 
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beginning a t  a v a l u e  of T less than  t has  a corresponding incremental  
pitching-moment response of t h e  form Eq. (10) t h a t  c o n t r i b u t e s  t o  t h e  
p i t ch ing  moment a t  t i m e  t .  The summation of t h e s e  incremental  responses  
t o  t h e  s t e p s  t h a t  occur  over  t h e  range of T from zero t o  t then  g ives  
t h e  aerodynamic pitching-moment response a t  time t t o  t h e  v a r i a t i o n s  
i n  6 and q. A s  t h e  i n d i c i a 1  responses  depend only on t h e  t i m e  
d i f f e r e n c e  t - T ,  i n  t h e  l i m i t  t h e  summations t a k e  t h e  form of t h e  
f a m i l i a r  convolut ion i n t e g r a l .  The sum of t h e  two con t r ibu t ions  and t h e  
i n i t i a l  va lue  of Cm then  g ive  t h e  t o t a l  p i t c h i n g  moment a t  t i m e  t 
For cons tan t  V and w i t h i n  t h e  assumption of l i n e a r i t y ,  Eq. (12) is 
exac t .  Since a l l  va lues  of 6 and q f i g u r e  wi th in  t h e  l i m i t s  of t h e  
i n t e g r a l s ,  a t  t i m e  t depends on t h e  whole p a s t  of 6 and q. 'm 
3.2 D e f i n i t i o n  of a Funct iona l  
The d e s c r i p t i o n  of Cm(t) as a func t ion  t h a t  depends on a l l  of t h e  
p a s t  va lues  of t h e  argument func t ions  6 and q corresponds mathemati- 
c a l l y  t o  V o l t e r r a ' s  d e s c r i p t i o n  of a func t ionaZ[3] .  
square-bracket n o t a t i o n  i s  adopted, t h e  a s s e r t i o n  t h a t  Cm(t) i s  a 
f u n c t i o n a l  is  ind ica t ed  thus ,  
I f  V o l t e r r a ' s  
where i t  is  understood t h a t  5 i s  a running v a r i a b l e  i n  t i m e ,  ranging 
over t h e  i n t e r v a l  zero t o  t .  
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I n  b r i e f ,  j u s t  as a n  ord inary  f u n c t i o n  f ( x )  a s s i g n s  a number t o  
each x f o r  which i t  is  def ined ,  a f u n c t i o n a l  F[y(S)]  a s s i g n s  a 
number t o  each func t ion  y(S)  of t h e  set of func t ions  (a l l  of which 
are def ined  i n  some i n t e r v a l  a 2 5 - < b) f o r  which t h e  f u n c t i o n a l  is 
def ined.  Thus, Eq.  (13) may be  i n t e r p r e t e d  as fol lows:  given any p a i r  
of func t ions  6 ( S ) , q ( C )  out  of t h e  c o l l e c t i o n  of a l l  such p a i r s  def ined  
i n  t h e  i n t e r v a l  0 - < 5 5 t ,  t h e  f u n c t i o n a l  G a s s i g n s  a number t o  
Cm(t).  
t h e  in f luence  of p a s t  events  on p resen t  behavior ,  t h a t  provides  t h e  key 
t o  gene ra l i z ing  t h e  l i n e a r  i n t e g r a l  form. 
It is t h e  i d e a  of a f u n c t i o n a l ,  wi th  i t s  formal r ecogn i t ion  of 
3 . 3  Nonlinear Aerodynamic Pitching-Moment Response 
An h e u r i s t i c  argument w i l l  show how t h e  most gene ra l  l i n e a r  form 
f o r  t h e  aerodynamic response C ( t )  t o  two of t h e  f l i g h t  v a r i a b l e s  
(Eq .  12)  can be f r e e d  of t h e  l i n e a r i t y  assumption. A more r igorous  
mathematical development y i e l d i n g  t h e  same r e s u l t  i s  a v a i l a b l e  i n  Ref. 1. 
ACm(t), Eq.  ( l o ) ,  
m 
A t t en t ion  i s  d i r e c t e d  t o  t h e  incremental  form f o r  
where t h e  p r i n c i p a l  l i m i t a t i o n  imposed by t h e  l i n e a r i t y  assumption f i r s t  
appears .  As a l r eady  noted,  t h i s  l i m i t a t i o n  does not  hinge on t h e  
a s s e r t i o n  t h a t  AC ( t )  is  l i n e a r l y  dependent on A 6  and A ( q z / V ) ,  o r  
t h a t  t h e  two incremental  con t r ibu t ions  are l i n e a r l y  a d d i t i v e .  Both of 
t h e s e  a s s e r t i o n s  remain i n  f o r c e  i n  t h e  more gene ra l  development. The 
l i m i t a t i o n  is  simply t h a t  t h e  i n d i c i a l  responses  a re  s a i d  t o  be independ- 
en t  of t h e  p a s t  va lues  of 6 and q .  Now, as descr ibed  more p r e c i s e l y  
below, a n  i n d i c i a l  response t o  a s t e p  change i n  a motion is  formed by 
taking a d i f f e r e n c e  between t h e  responses  t o  two motions whose h i s t o r i e s  
d i f f e r  only by t h e  s t e p  imposed on t h e  second motion. Hence, t h e  motions 
m 
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. : 
p r i o r  t o  t h e  s t e p  are i d e n t i c a l .  When t h e  d i f f e r e n c e  is  taken i n  t h e  
l i n e a r  case, t h e  in f luence  of t h i s  i d e n t i c a l  p a s t  cance ls  i d e n t i c a l l y .  
I n  t h e  absence of l i n e a r i t y ,  exac t  c a n c e l l a t i o n  of t h e  p a s t  i n f luence  is  
n o t  t o  be  expected, so t h a t  some remnant of t h a t  i n f luence  must b e  
evidenced i n  t h e  behavior of t h e  i n d i c i a l  response.  That is  t o  say ,  t h e  
i n d i c i a l  response must be a func t iona l .  The way t o  e l imina te  t h e  
l i m i t a t i o n  of t h e  l i n e a r i t y  assumption i n  Eq. (10) thus  becomes clear: 
r e p l a c e  t h e  i n d i c i a l  func t ions  by f u n c t i o n a l s ,  themselves dependent on 
va lues  of 6 and q p r i o r  t o  t h e  o r i g i n  of t h e  s t e p s .  That t h i s  
replacement can be  r igo rous ly  j u s t i f i e d  i s ,  i n  f a c t ,  t h e  p r i n c i p a l  r e s u l t  
of t h e  mathematical  development i n  Ref. 1. 
I f  t h e  n o t a t i o n  a l r eady  introduced f o r  a func t iona l  is  followed, t h e  
des igna t ion  of t h e  i n d i c i a l  responses  as f u n c t i o n a l s  i s  ind ica t ed  thus ,  
where, as before ,  t is  t h e  t i m e  a t  which t h e  increment ACm is  
measured, T is t h e  time a t  which t h e  s t e p s  o r i g i n a t e ,  and 5 i s  a 
running v a r i a b l e  i n  t i m e  over t h e  i n t e r v a l  ze ro  t o  T ;  t h a t  is ,  over t h e  
p a s t  f o r  s t e p s  beginning a t  5 = T.  
Although t h e  replacement of t h e  i n d i c i a l  func t ions  by f u n c t i o n a l s  
appears  t o  be  l a r g e l y  a m a t t e r  of n o t a t i o n ,  t h e  change is  far-reaching 
and, f o r  example, r e q u i r e s  a more p r e c i s e  d e s c r i p t i o n  of t h e  formation 
of i n d i c i a l  responses  than  w a s  necessary i n  t h e  l i n e a r  case. Two motions 
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Fig.  3. Formation of i n d i c i a 1  responses .  
have t o  be considered ( c f .  Fig.  3 ) :  f i r s t ,  beginning a t  5 = 0, t h e  
q(E.12 a i r c r a f t  is made t o  execute  t h e  motion under s tudy  6 ( E ) , 7 .  
A t  a c e r t a i n  t i m e  T ,  t h e  motion is  cons t ra ined  such t h a t  t h e  va lues  
q(.)Z 
V of t h e  f l i g h t  v a r i a b l e s  e x i s t e n t  a t  time T ,  t h a t  is, ti(.), 
remain cons tan t  t h e r e a f t e r .  The p i t c h i n g  moment corresponding t o  t h i s  
maneuver is  measured a t  a t i m e  t ,  subsequent t o  T .  Second, t h e  a i r c r a f t  
i s  made t o  execute  p r e c i s e l y  t h e  same motion, beginning a t  6 = 0 and 
cons t ra ined  i n  t h e  same way a t  5 = T ,  except  t h a t  a t  t h e  l a t te r  t i m e ,  
one of t h e  v a r i a b l e s  6 o r  qZ/V i s  given a n  incremental  s t e p  A 6  o r  
A(qz/V) over i t s  va lue  a t  5 = T. Hence, i f  i t  i s  6 t h a t  i s  given a n  
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increment A b ,  t h e  va lues  of t h e  f l i g h t  v a r i a b l e s  f o r  a l l  times 
subsequent t o  T are 6 ( ~ )  + A 6 ,  - The p i t c h i n g  moment 
corresponding t o  t h i s  maneuver is  aga in  measured a t  t i m e  t. The 
d i f f e r e n c e  between t h e  two measurements is d iv ided  by t h e  incremental  
s t e p  A 6  o r  A(qZ/V); t h e  l i m i t  of t h i s  r a t i o  as t h e  magnitude of 
t h e  s t e p  approaches zero is  c a l l e d  t h e  i n d i c i a l  pitching-moment response 
a t  t i m e  t pe r  u n i t  s t e p  a t  time T of one of t h e  two f l i g h t  v a r i a b l e s  
6 o r  qZ/V. A s  i nd ica t ed  i n  Fig.  3 ,  s i n c e  t h e  two motions p r i o r  t o  
5 = T are i d e n t i c a l ,  t h e  r a t i o  must be i d e n t i c a l l y  zero f o r  a l l  5 < T .  
A t  5 = T, a d i s c o n t i n u i t y  i n  t h e  r a t i o  i s  permiss ib le ,  r e f l e c t i n g  t h e  
discont inuous change i n  one of t h e  motion v a r i a b l e s .  For a l l  va lues  
of 5 > T, t h e  r a t i o  must be continuous.  
Q(T)Z 
v *  
Formed as descr ibed  above and as def ined  i n  Eq. (14) ,  t h e  i n d i c i a l  
responses  are s u i t a b l y  genera l ized  t o  be f r e e  of dependence on a l i n e a r -  
i t y  assumption. With Eq. (14) r ep lac ing  Eq. (11) i n  Eq. ( l o ) ,  t h e  
summation of incremental  responses  t o  y i e l d  a n  i n t e g r a l  form f o r  
fol lows as before .  The r e s u l t i n g  g e n e r a l i z a t i o n  of Eq. (12) is  
Cm(t) 
Equation (15) ,  a p p l i c a b l e  t o  a p l ana r  motion involv ing  a r b i t r a r y  varia- 
t i o n s  i n  6 and q ,  is be l ieved  t o  be of s u f f i c i e n t  g e n e r a l i t y  t o  
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provide a framework f o r  t h e  s tudy  of a wide v a r i e t y  of nonl inear  
aerodynamic problems. Der iva t ion  of t h e  i n t e g r a l  forms corresponding 
t o  motions involv ing  more than  two v a r i a b l e s  fo l lows  simply by a n  
a p p l i c a t i o n  of t h e  same formalism. I n  t h e  next s e c t i o n ,  s impl i fy ing  
approximations are introduced i n t o  Eq. (15) which make t h e  form more 
p r a c t i c a b l e  a t  t h e  p r i c e  of narrowing t h e  classes of aerodynamic behavior 
t h a t  can be  acknowledged w i t h i n  i t s  scope. 
4 .  LIMITATIONS AND SIMPLIFICATION OF THE NONLINEAR 1NTEGRAL.FORM 
Conditions t h a t  f l i g h t - p a t h  p r o p e r t i e s  remain cons t an t  during t h e  
motion and t h a t  t h e  a i r c r a f t  be a r i g i d  body have been imposed a t  t h e  
o u t s e t .  Imposing cons t an t  f l i g h t - p a t h  p r o p e r t i e s  excludes from 
cons ide ra t ion  t h e  in f luence  on motions of very  l a r g e  a c c e l e r a t i o n s  o r  
v a r i a t i o n s  i n  atmospheric dens i ty ,  such as might occur ,  f o r  example, 
during atmospheric r een t ry .  Omitting s t r u c t u r a l  v a r i a b l e s  r u l e s  out  t h e  
p o s s i b i l i t y  of t r e a t i n g  t h e  b u f f e t i n g  problem, which involves  i n t e r a c t i o n s  
between t h e  e las t ic  a i r f r ame  and random aerodynamic f l u c t u a t i o n s  [ lo ] .  
However, t h e  presence of f l u c t u a t i o n s  themselves can be  acknowledged 
wi th in  t h e  framework a l r eady  e s t a b l i s h e d  by adopt ing t h e  no t ion  of 
ensemble averaging (cf. R e f .  9 ) .  The remaining assumptions are of two 
main classes: f i r s t ,  fundamental assumptions a s s o c i a t e d  wi th  t h e  use  of 
f u n c t i o n a l  a n a l y s i s  t o  develop t h e  gene ra l  i n t e g r a l  form f o r  t h e  
aerodynamic response;  second, s impl i fy ing  assumptions a s soc ia t ed  wi th  
t h e  r educ t ion  of t h e  gene ra l  i n t e g r a l  form t o  more p r a c t i c a b l e  forms. 
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4.1 Fundamental Assumptions 
Despi te  t h e i r  g e n e r a l i t y ,  t h e  nonl inear  i n d i c i a l  responses  def ined  
by Eq. (141, and hence t h e  corresponding i n t e g r a l  form f o r  t h e  aero- 
dynamic p i t c h i n g  moment, Eq. (15), a l r eady  con ta in  i m p l i c i t  assumptions 
t h a t  l i m i t  t h e i r  a p p l i c a b i l i t y .  
responses  must exist f o r  a l l  va lues  of t h e i r  arguments ( f o r  5 > T) and 
must be  unique. Evidence f o r  t h e  ex i s t ence  of i n d i c i a l  responses is 
n e c e s s a r i l y  i n f e r e n t i a l ,  s i n c e  i t  is  doub t fu l  whether they w i l l  ever be  
measured d i r e c t l y .  However , t h e  nonexis tence of i n d i c i a l  responses  
fol lows from t h e  nonexis tence of t h e i r  s t eady- s t a t e  va lues ,  which are, 
of course ,  more amenable t o  measurement. I n  t h i s  r e s p e c t ,  assuming t h e  
e x i s t e n c e  of t h e  i n d i c i a l  responses  f o r  a l l  va lues  of t h e i r  arguments 
(with 5 > T) s t r i c t l y  speaking impl ies  t h e  exc lus ion  of cases where t h e  
v a r i a t i o n  of s t eady- s t a t e  p i t c h i n g  moment wi th  6 (e.g. ,  a t  q = 0) 
becomes d iscont inuous  e i t h e r  i n  i t s  magnitude o r  s lope  a t  c e r t a i n  
These are p r i n c i p a l l y  t h a t  t h e  i n d i c i a l  
i s o l a t e d  
po in t s .  
behavior 
ACm (a) 
values  of 6 ,  s i n c e  l i m  . *  w i l l  no t  e x i s t  a t  t h e s e  
A 0  A 6 4  
Such cases are known t o  c h a r a c t e r i z e  c e r t a i n  types of s t a l l  
( c f . ,  f o r  example, Ref. 11 ) .  Although t h e s e  cases can be 
t r e a t e d  by a n  appropr i a t e  a d d i t i o n  of jump condi t ions  a t  t h e  i s o l a t e d  
p o i n t s ,  f o r  s i m p l i c i t y  they  w i l l  be  excluded from f u r t h e r  cons ide ra t ion  
here .  Assuming uniqueness impl ies  t h e  exc lus ion  of cases where more 
than  one s t eady- s t a t e  response t o  t h e  s a m e  maneuver is poss ib l e ;  more 
p r e c i s e l y ,  cases must be excluded where t h e  s teady-s ta te  responses  
t o  r e p e t i t i o n s  of t h e  s a m e  maneuver can be mult ivalued and p r o b a b i l i s t i c .  
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An example of aerodynamic behavior t h a t  must be  excluded on t h i s  b a s i s  
i s  t h e  s t eady  asymmetric vor t ex  flow above a body of r e v o l u t i o n  a t  
l a r g e  
lef t -hand o r  a right-hand p a t t e r n .  Given t h e s e  fundamental l i m i t a t i o n s  
on t h e  a p p l i c a b i l i t y  of t h e  gene ra l  i n t e g r a l  form f o r  Cm(t ) ,  Eq. (15) ,  
s impl i fy ing  assumptions s t i l l  need t o  be a t t ached  i n  o rde r  t o  reduce i t  
t o  more usab le  forms. 
6 when i t  is  a matter of chance whether t h e  v o r t i c e s  form a 
4.2 Simplifying Assumptions 
I n  t h e  form Eq. (15) t h e  i n d i c i a l  responses  w i t h i n  t h e  i n t e g r a l s  
are themselves f u n c t i o n a l s ,  depending i n  gene ra l  on t h e  whole p a s t  
h i s t o r y  of t h e  motion &(E),q(E) .  This makes t h e  f u r t h e r  u se  of t h e  
form exceedingly d i f f i c u l t ,  s i n c e  t h e  h i s t o r y  of t h e  motion normally is  
not  known i n  advance bu t  r a t h e r  is  d e s i r e d  as t h e  s o l u t i o n  of t h e  
equat ions of motion. Thus, when t h e  p a s t  h i s t o r y  i s  unspec i f ied ,  t h e  
f u n c t i o n a l s  a l s o  are unknown beforehand. S i m p l i f i c a t i o n  of Eq. (15) 
hinges on r ep lac ing  t h e  f u n c t i o n a l s  by a p p r o p r i a t e  func t ions  whose 
dependence on t h e  p a s t  is  denoted by a l i m i t e d  number of parameters 
r a t h e r  than by continuous func t ions .  I f  S(E) ,q(c)  can be considered 
a n a l y t i c  func t ions  i n  a neighborhood of .E, = T (corresponding t o  t h e  
most r e c e n t  p a s t  f o r  a n  i n d i c i a l  response wi th  o r i g i n  a t  5 = T), i n  
p r i n c i p l e  t h e i r  h i s t o r i e s  can  be recons t ruc ted  from a knowledge of a l l  
of t h e  c o e f f i c i e n t s  of t h e i r  Taylor series expansions about  .E, = T .  
Thus, s i n c e  G(<) ,q(S)  are equal ly  represented  by t h e  c o e f f i c i e n t s  of 
t h e i r  expansions,  t h e  f u n c t i o n a l ,  wi th  i t s  dependence on &(.E,) ,q(S),  
can be replaced without  approximation by a func t ion  wi th  a dependence 
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on a l l  of t h e  c o e f f i c i e n t s  of t h e  expansions of G(S),q(S) about 5 = T. 
The i n d i c i a l  response  (&,, f o r  example, can  be  expressed as 
(The reversal i n  t h e  o rde r  of t h e  dependencies a n t i c i p a t e s  t h e  diminished 
r o l e  played by 6 and q i n  t h e  succeeding a n a l y s i s . )  Now phys ica l  
reasoning sugges ts  t h a t  t h e  i n d i c i a l  response should have "forgot ten" 
long-past  events  and thus  should depend mainly on events  i n  t h e  most 
r e c e n t  p a s t .  I f  t h i s  i s  assumed t o  be t r u e ,  t hen  so  f a r  as t h e  e f f e c t  
of t h e  p a s t  on t h e  i n d i c i a l  response is  concerned, t h e  form of t h e  p a s t  
motion j u s t  p r i o r  t o  t h e  o r i g i n  of t h e  s t e p  might j u s t  as w e l l  have 
ex i s t ed  f o r  a l l  earlier times. Hence, a t  most only t h e  f i r s t  few 
c o e f f i c i e n t s  of t h e  expansions of 6 ( < ) , q ( < )  need be r e t a ined  t o  charac- 
t e r i z e  c o r r e c t l y  t h e  most r e c e n t  p a s t ,  which is  a l l  t h e  i n d i c i a l  response 
remembers. Reta in ing  t h e  f i r s t  two c o e f f i c i e n t s  of S(c), f o r  example, 
impl ies  matching t h e  t r u e  p a s t  h i s t o r y  of 6 i n  magnitude and s l o p e  a t  
t h e  o r i g i n  of t h e  s t e p ,  thereby approximating S(<) by a l i n e a r  func t ion  
of t i m e  
i n  f o r c e  f o r  both 6 ( < )  and q(E) i n  t h e  i n d i c i a l  responses ,  t h e  i n t e g r a l  
form rep lac ing  Eq. (15) becomes 
6 ( < )  = 6 ( ~ )  - ~ ( T ) ( T  - e ) .  With an  approximation of t h i s  o rde r  
This form, whi le  cons iderably  more t r a c t a b l e  than  Eq. (15), i s  still 
s u f f i c i e n t l y  gene ra l  t o  a l low t h e  t rea tment  of motions involving 
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h y s t e r e s i s  e f f e c t s .  Retaining a dependence on 6 ( ~ ) ,  f o r  example, a l lows  
a s s ign ing  d i f f e r e n t  i n d i c i a l  responses  t o  a s t e p  a t  a s i n g l e  p a i r  of 
va lues  6 (T)  ,q(-c), depending on t h e  magnitude and s i g n  of (TI. It is 
permiss ib le ,  f o r  example, t o  d i s t i n g u i s h  between i n d i c i a l  responses  
where 6 was i nc reas ing  o r  decreas ing  p r i o r  t o  t h e  s t e p .  This w i l l  be  
v a l i d  when phys ica l  reasoning sugges ts  t h a t  t h e  p a r t i c u l a r  response 
a t t ached  t o  a s t e p  i s  a d e t e r m i n i s t i c  r e s u l t  of t h e  p a s t  h i s t o r y  r a t h e r  
t han  t h e  p r o b a b i l i s t i c  r e s u l t  of an  i n t e r a c t i o n  wi th  a random f l u c t u a t i o n .  
Although impl i ca t ions  of t h e  use  of Eq. (17) w i l l  no t  be explored f u r t h e r  
i n  t h i s  s tudy ,  t h e  equat ion  is  be l ieved  t o  b e  both  t r a c t a b l e  enough and 
of s u f f i c i e n t  scope t o  provide a framework f o r  t h e  s tudy  of r a p i d l y  
varying maneuvers ( f o r  example, t h e  r a p i d  pul l -up) ,  where h y s t e r e s i s  
effects  governed by rate-dependent flow phenomena are known t o  be  
present  i n  t h e  aerodynamic response.  
When d e t e r m i n i s t i c  h y s t e r e s i s  e f f e c t s  are absen t ,  and i f ,  addi t ion-  
a l l y ,  t h e  assumption of a slowly vary ing  motion is in t roduced ,  then t h e  
dependence of t h e  i n d i c i a l  responses  on (T) , G ( P )  w i l l  no t  be s i g n i f i -  
can t  ( c f .  Fig.  4 ) .  So f a r  as t h e  i n d i c i a l  responses  are concerned, 
omi t t ing  t h e s e  dependencies i n  E q .  (17) impl ies  t h a t  t h e  motion p r i o r  t o  
t h e  o r i g i n  of t h e  s t e p s  is being approximated by t h e  t ime-invariant  
Fig.  4 .  Slowly varying motions. 
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motion 6 ( & ) =  6 ( ~ ) , q ( E )  x q(T). The i n d i c i a l  responses  a t  any Value 
of e lapsed t i m e ,  now dependent only on t h e  magnitudes of 6 and q 
j u s t  p r i o r  t o  t h e  s t e p s ,  must no t  on ly  be  continuous func t ions  of 
6(T) ,q(T) ,  b u t  henceforward a l s o  singZe-vatued func t ions  of 
Fur ther ,  w i th  a g iven  t ime-invariant  p a s t  motion and wi th  t h e  a l r eady  
assumed cons t an t  f l i g h t - p a t h  p r o p e r t i e s ,  c l e a r l y  a n  i n d i c i a l  response 
must have t h e  s a m e  va lue  a f t e r  a g iven  t i m e  has  e lapsed subsequent t o  
t h e  o r i g i n  of a s t e p  no matter when t h e  s t e p  occurs .  That is, j u s t  as 
i n  t h e  l i n e a r  case, t h e  i n d i c i a l  response must be a func t ion  of eZapsed 
time t - T r a t h e r  than  of t and T sepa ra t e ly .  F i n a l l y ,  then,  f o r  
slowly varying motions and wi th in  t h e  a d d i t i o n a l  r e s t r i c t i o n  on t h e  
i n d i c i a l  responses  of s ingle-valuedness  wi th  r e spec t  t o  6(T) ,q(T) ,  and 
t - T > 0, a much more s p e c i f i c  form of Eq. (15) may be w r i t t e n ,  S t i l l  
capable  of embracing a f a i r l y  broad range of nonl inear  aerodynamic 
problems. It i s  
6(.r) ,q(T).  
Although t h e  form of Eq. (18) r e p r e s e n t s  a g r e a t  s i m p l i f i c a t i o n  over 
t h a t  of Eq. (15) ,  t h e  equat ion s t i l l  inc ludes  t h e  f u l l  l i n e a r  form 
(Eq. (12))  as a s p e c i a l  case. Equation (18) is t h e  bas i c  i n t e g r a l  form 
underlying t h e  subsequent s i m p l i f i e d  formulat ions.  
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5. APPLICATION OF THE SIMPLIFIED NONLINEAR INTEGRAL FORM TO PLANAR 
DYNAMIC STABILITY STUDIES 
Equation (18) is now appl ied  t o  t h e  s tudy  of a i r c r a f t  dynamic 
s t a b i l i t y .  
and moreover, t h e  o s c i l l a t i o n s  are gene ra l ly  of very  low frequency. 
Severa l  a n a l y t i c a l  b e n e f i t s  accrue  from t h e  la t ter  f a c t .  F i r s t ,  s i n c e  
t h e  motions are slowly varying,  t h e  assumptions underlying Eq. (18) are 
p a r t i c u l a r l y  w e l l  grounded i n  t h i s  a p p l i c a t i o n .  Second, Eq. (18) can 
be f u r t h e r  s impl i f i ed .  The s i m p l i f i c a t i o n ,  which i n  e f f e c t  reduces 
Eq. (18) t o  an  equat ion  c o r r e c t  t o  t h e  f i r s t  o rde r  i n  frequency, p a r a l l e l s  
t h a t  r e a l i z e d  i n  t h e  l i n e a r  case i n  t h e  a p p l i c a t i o n  of Eq. (12) t o  
s t a b i l i t y  s t u d i e s  [12] .  
The rigid-body motions of a i r c r a f t  are normally o s c i l l a t o r y ,  
5 .1  S t a b i l i t y  Coef f i c i en t  Formulation 
The reduc t ion  of Eq. (18) t o  f i r s t  o rde r  i n  frequency is  c a r r i e d  
ou t  i n  d e t a i l  so  t h a t ,  l a te r ,  t h e  analogous r educ t ion  of t h e  more lengthy  
equat ions f o r  nonplanar motions w i l l  need only t o  b e  ind ica t ed  i n  passing.  
Equation (18) i s  f i r s t  rearranged t o  g ive  a more convenient form. From 
phys ica l  cons ide ra t ions ,  t h e  i n d i c i a 1  responses  must approach steady- 
s ta te  va lues  wi th  inc reas ing  va lues  of t h e  argument t - T .  To i n d i c a t e  
t h i s ,  t h e  fol lowing n o t a t i o n  is introduced ( t h e  n o t a t i o n  p a r a l l e l s  t h a t  
of Ref. 12 ) :  
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rate of change with 6 of the pitching-moment 
coefficient that would be measured in a steady 
flow, evaluated at the instantaneous value of 
6 ( ~ )  with q fixed at the instantaneous value 
q(-r) , 
rate of change with q of the pitching-moment 
coefficient that would be measured in a steady 
flow, evaluated at the instantaneous value q(T) 
with 6 fixed at the instantaneous value 6 ( T )  . 
The functions Fj and F4 are termed deficiency functions; they tend 
to vanish with increasing values of the argument t - T. When Eqs. (19) 
are inserted in Eq. (18), the terms involving the steady-state parameters 
form a perfect differential which can be immediately integrated. 
Equation (18) becomes 
total pitching-moment coefficient that would be 
measured in a steady flow with 6 fixed at the 
instantaneous value 6(t) and q fixed at the 
instantaneous value q(t) . 
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Equation (20) is a form of Eq. (18) p a r t i c u l a r l y  amenable t o  
approximation. L e t  it be assumed f o r  i l l u s t r a t i o n  t h a t  t h e  angle-of- 
a t t a c k  parameter 6 
mean whi le  t h e  a n g l e  of p i t c h  
That is  
is  e s s e n t i a l l y  a harmonic func t ion  about  a cons tan t  
8 ( 6  q) is a pure ly  harmonic func t ion .  
i w t  6 - 6  +cYOe m 
i w t  e = e o  e 
Then c l e a r l y ,  s i n c e  q = 8, q i t s e l f  w i l l  be  of f i r s t  o rde r  i n  
frequency w. Hence q w i l l  be s m a l l  f o r  a l l  va lues  of t i m e ,  and powers 
of q h igher  t han  t h e  f i r s t  w i l l  be of second and h igher  o rde r s  i n  f r e -  
quency. Therefore ,  f o r  any given va lues  of t o r  T ,  i t  i s  permiss ib le  
t o  expand t h e  t e r m s  i n  Eq. (20) i n  a Taylor series about q = 0 and t o  
d i sca rd  t e r m s  conta in ing  powers of q h igher  than  t h e  f i r s t .  Te rms  i n  
4 and i q  l i kewise  may be  d iscarded  as they  w i l l  be  of second order  i n  
frequency, The r e s u l t  of t h e  expansion is  
(= ;6 ( t )  '0) fo l low from those  given 
c"q 
Def in i t i ons  of 'm (m;6 ( t )  ,0) and 
earlier wi th  t h e  s u b s t i t u t i o n  of q ( t )  = 0. The f i r s t  two terms are 
c l e a r l y  t h e  nonl inear  coun te rpa r t s  of t h e  terms 6G6(m) and (qZ/V)Cmq(-) 
t h a t  appear i n  l i n e a r  ana lyses  based on t h e  s t a b i l i t y  d e r i v a t i v e  concept.  
Therefore,  t h e  i n t e g r a l ,  when a l s o  reduced t o  t h e  f i r s t  o rde r  i n  frequency, 
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is a n t i c i p a t e d  t o  be  t h e  nonl inear  coun te rpa r t  of t h e  t e r m  
This reduc t ion  is taken  up next .  
With t h e  change i n  v a r i a b l e  
(iZ/V)(&,i . 
t - T = T ~ ,  t h e  i n t e g r a l  becomes 
i o  ( t - T  1) 
I = Jt F3(-r1;6(t - ~ ~ ) , O ) i o 6 ~  e dT 1 
which may be  r e w r i t t e n  
-iWT 
I = i ( t )  it F3(T1;6(t  - T ~ ) , O ) ~  d= 1 
P r a c t i c a l l y  speaking,  t h e  de f i c i ency  func t ion  e s s e n t i a l l y  vanishes  a f t e r  
a r e l a t i v e l y  s h o r t  per iod  of t i m e  has  e lapsed .  L e t  t h e  va lue  of T a t  
and cons ider  events  a t  a time t which F3 e s s e n t i a l l y  vanishes  be 
s u f f i c i e n t l y  removed from t h e  start  of t h e  motion t h a t  
t h e  upper l i m i t  i n  Eq. ( 2 4 )  may be rep laced  by ta, whereupon, w i th  T~ 
bounded and w small, t h e  harmonic func t ion  may be expanded i n  powers 
of w. Since i is i t s e l f  of f i r s t  o rder  i n  w, however, only t h e  f i r s t  
t e r m  i n  t h e  expansion, u n i t y ,  c o n t r i b u t e s  w i t h i n  t h e  order  of t h e  
approximation. 
f u r t h e r  s i m p l i f i c a t i o n  can  be r e a l i z e d  when t h e  cond i t ion  
invoked, f o r  t hen  
1 
ta' 
t > ta. Then 
Moreover, wi th  r e s p e c t  t o  t h e  parameter 6 ( t  - T ~ ) ,  a
i s  t > ta 
6 ( t  - - r l )  x 6 ( t ) .  The i n t e g r a l  reduces t o  
where, as a n t i c i p a t e d ,  t h e  i n t e g r a l  t e r m  w i t h i n  parentheses  may b e  
i d e n t i f i e d  wi th  -hi . 
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Hence, j u s t  as i n  t h e  l i n e a r  case [12] ,  t o  t h e  f i r s t  o rder  i n  
frequency Cmi  is  p ropor t iona l  t o  t h e  area of t h e  de f i c i ency  func t ion ,  
now, however, evaluated a t  and dependent on t h e  p a r t i c u l a r  va lue  of t h e  
angle-of-at tack parameter 6 ( t )  under cons idera t ion .  The nonl inear  
counterpar t  of t h e  l i n e a r  s t a b i l i t y  d e r i v a t i v e  formula t ion  thus  becomes 
where 
5.2 I n t e r p r e t a t i o n  of C z i  
I n  Eqs. (26) and (27) ,  j u s t  as i n  t h e  l i n e a r  theory ,  C m i ,  t h e  t e r m  
t h a t  accounts  f o r  t h e  p a s t ,  appears  as a n  i n t e g r a l  of t h e  de f i c i ency  
func t ion .  
t h e  analogous normal-force c o e f f i c i e n t  
way. I n  Fig.  5 ,  t h e  a i r c r a f t  on t h e  l e f t  has  been s ink ing ,  without  
p i t ch ing ,  f o r  a long t i m e  a t  a cons tan t  rate.  A f o r c e  P must be 
A phys ica l  argument w i l l  show why t h e  t e r m ,  o r  more d i r e c t l y ,  
CZ;, cont inues  t o  appear i n  t h i s  
czp, Fig.  5. I n t e r p r e t a t i o n  of 
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I -  
appl ied  t o  maintain t h e  cons tan t  rate. 
f o r c e  over an a r b i t r a r i l y  l a r g e  t i m e  i n t e r v a l  zero t o  
The work done by t h e  appl ied  
is ta 
wk, = m0 PdT = V60[ta [W + Z(m;Go).]d~ 
where W is t h e  weight of t h e  a i r c r a f t  and -Z(-;6,,) is t h e  s teady-s ta te  
normal f o r c e  due t o  t h e  cons tan t  ang le  of attack. Now, as shown on t h e  
r i g h t  s i d e  of Fig.  5, l e t  t h e  s a m e  a i r c r a f t  experience a s t e p  change i n  
6 
The work done over t h e  s a m e  t i m e  i n t e r v a l  by t h e  f o r c e  appl ied  t o  
maintain a cons tan t  rate is  
a t  t i m e  zero and then  undergo t h e  same motion as i n  t h e  f i r s t  case. 
The d i f f e r e n c e  i n  work done i s  
Af ter  i d e n t i f y i n g  ta wi th  t h e  time requ i r ed  f o r  Z(.r;g0) t o  reach 
s teady  state,  one sees t h a t  t h e  i n t e g r a l  is  t h e  area enclosed by t h e  
i n d i c i a 1  normal-force response curve and i t s  s t eady- s t a t e  value.  That 
is  t o  say ,  i t  is t h e  area of t h e  normal-force de f i c i ency  func t ion ,  and 
i t  is  t h e r e f o r e  p ropor t iona l  t o  CZ; . 
t h e  s a m e  i n  both cases, s i n c e  i t  undergoes t h e  s a m e  motion. The energy 
expended by t h e  appl ied  f o r c e  i s  d i f f e r e n t  i n  t h e  two cases. 
balance of energy, which is  Eq. (30), t h e r e f o r e  must have been given t o  
The energy of t h e  a i rcraf t  i s  
The 
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o r  taken from t h e  f l u i d ,  The t e r m  C z i  i s  a measure of t h e  energy given 
t o  o r  taken from t h e  f l u i d  whenever t h e  ang le  of a t t a c k  changes from one 
level t o  another .  
magnitude of t h e  ang le  of a t t a c k ,  i t  is  reasonable  t h a t  C (and Cmi) 
should cont inue  t o  appear as an i n t e g r a l  of a de f i c i ency  func t ion ,  even 
i n  t h e  nonl inear  a n a l y s i s .  
Because t h i s  a s s e r t i o n  holds  r e g a r d l e s s  of t h e  
z i  
5.3 Theore t i ca l  Evaluat ion of S t a b i l i t y  Coef f i c i en t s  
Of t h e  t h r e e  c o e f f i c i e n t s  i n  Eq. (26),  t h e  f i r s t  i s  t h e  f a m i l i a r  
s t a t i c  pitching-moment c o e f f i c i e n t  due t o  ang le  of a t t a c k .  
of fundamental importance i n  a i r c r a f t  des ign ,  i t  has been s tud ied  
ex tens ive ly ;  a l a r g e  body of both t h e o r e t i c a l  and experimental  r e s u l t s  
may be c a l l e d  on t o  d e f i n e  i t  i n  p a r t i c u l a r  cases. 
information exis ts  f o r  t h e  remaining two c o e f f i c i e n t s .  The s p e c i f i c  
problems which must be  solved f o r  t h e s e  two c o e f f i c i e n t s  are charac te r -  
i zed  by t h e  motions i l l u s t r a t e d  i n  Fig.  6. J u s t  as f o r  t h e  f i r s t  t e r m ,  
s o l u t i o n s  f o r  hq may be der ived from a s t eady- s t a t e  equat ion.  
Since i t  i s  
No such body of 
6 = CONSTANT 
/ 
6 =CONSTANT 
=CONSTANT-+O V 
(0) MOTION FOR C m g ( 6 )  ( b )  MOTION FOR C m q ( a  ; 6 , 0 )  
Fig. 6 .  D e f i n i t i v e  motions f o r  c a l c u l a t i o n  of s t a b i l i t y  c o e f f i c i e n t s .  
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I n  f a c t ,  t h e  t h e o r e t i c a l  problems f o r  
moment c o e f f i c i e n t  due t o  ang le  of a t t a c k  d i f f e r  l i t t l e  i n  p r i n c i p l e ;  
t h e  computational methods t h a t  have been devised f o r  t h e  numerical  
s o l u t i o n  of t h e  l a t te r  problem should be  l a r g e l y  t r a n s f e r a b l e  t o  t h e  
s o l u t i o n  of t h e  former. 
der ived  from a time-dependent equat ion.  Except f o r  t hose  cases where 
one of t h e  t h r e e  space coord ina tes  can be  omit ted o r  where a s i m i l a r i t y  
cond i t ion  holds  (e .g . ,  two-dimensional f low, con ica l  f low),  t h e  n e c e s s i t y  
of t r e a t i n g  a n  e s s e n t i a l l y  four-dimensional problem apparent ly  p l aces  i t  
beyond t h e  c a p a c i t i e s  of even present-day automatic  computing machines. 
A t  any rate, t h e  au tho r s  are unaware of any a t tempts  t o  treat  t h e  problem 
f o r  C m i  wi th  a n  allowance f o r  t h e  nonl inear  dependence on 6 .  I n  view 
of t h i s ,  some of t h e  phys ica l  f e a t u r e s  of t h e  i n d i c i a l  response and of 
t h e  i n t e g r a l  form f o r  
hq and f o r  t h e  s t a t i c  p i tch ing-  
Solu t ions  f o r  C m i ,  on t h e  o the r  hand, must be  
Cmi w i l l  be  brought ou t  t h a t  might assist i n  
making a t  l eas t  order-of-magnitude estimates of cm; 
The two-dimensional wing i s  chosen f o r  demonstration purposes s i n c e  
t h e  important f e a t u r e s  of sound-wave propagat ion are most e a s i l y  i l l u s -  
t r a t e d  i n  t h i s  case. A subsonic f l i g h t  speed is  s p e c i f i e d  because he re  
many of t h e  r e s u l t s  from t h e  l i n e a r  theory do not  r e q u i r e  modi f ica t ion  
i n  p r i n c i p l e  and thus  can be  adapted t o  guide t h e  drawing of a phys ica l  
p i c t u r e  of t h e  i n d i c i a l  response.  By means of t h e s e  adap ta t ions ,  t h e  
r e s u l t s  may have more gene ra l  bear ing.  Consider t h e  boundary cond i t ions  
corresponding t o  t h e  motion i l l u s t r a t e d  i n  Fig. 6 ( a ) ,  where t h e  f l i g h t  
speed V is  subsonic.  L e t  t h e  wing move away from a coord ina te  system 
t h a t  i s  f i x e d  i n  space a t  t h e  p o s i t i o n  of t h e  mass-center a t  time 
where t h e  s t e p  change i n  t h e  boundary cond i t ions  occurs  ( c f .  Fig.  7 ) .  
T~ = 0 
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TRACE OFSOUND WAV 
FROM LEADING EDGE 
MAXIMUM PRO RACE OF SOUND 
OF LEADING WAVES FROM 
TRAILING EDGE 
TRACE OF MASS- CENTER 
s, - VT, MAXIMUM PROJECTION 
OF TRAILING EDGE 
+TI 
Fig. 7 .  Boundary condi t ions  f o r  i n d i c i a 1  loading.  
The d i s t a n c e  t r ave led  by t h e  mass-center a long t h e  f l i g h t  pa th  i s  
measured by a coord ina te  sl. 
speed, t h e  trace of i t s  pa th  p l o t t e d  a g a i n s t  t i m e  is a s t r a i g h t  
l i n e .  This is  shown i n  Fig.  7 ,  where t h e  maximum pro jec t ions  of t h e  
lead ing  and t r a i l i n g  edges are a l s o  shown, p a r a l l e l  t o  t h e  trace of t h e  
mass-center. For T~ < 0,  t h e  angle-of-at tack parameter 6 is  cons tan t  
a t  6 ( t ) .  A s t e p  change i n  6 occurs  a t  T~ = 0, so t h a t  f o r  T~ 1 0, 
t h e  angle-of-attack parameter is  6 ( t )  + A 6 .  Due t o  t h e  impulsive 
change i n  6 ,  t h e  loading on t h e  wing a t  T~ = 0 a l s o  undergoes a 
sudden change. The phys ica l  s i t u a t i o n  a t  t h i s  i n s t a n t  corresponds 
e s s e n t i a l l y  t o  t h a t  descr ibed  by p i s t o n  theory ( c f . ,  f o r  example, 
Ref. 1 3 ) ,  which should g ive  a reasonably accu ra t e  e s t ima te  of t h e  i n i t i a l  
change i n  loading.  Re f l ec t ing  t h e  Zoea2 cha rac t e r  of t h e  ins tan taneous  
response,  t h e  i n i t i a l  change i n  loading is  e s s e n t i a l l y  cons tan t  ac ross  
t h e  chord, so t h a t  t h e  corresponding cen te r  of p re s su re  i s  loca ted  very  
Since t h e  mass-center moves a t  cons tan t  
T~ 
30 
near  t h e  mid-chord. Also a t  ‘tl = 0, t h e  sudden change i n  flow condi t ions  
causes  d i s tu rbances  t o  be  propagated from every po in t  on t h e  chord l i n e .  
Of p a r t i c u l a r  importance are those  from t h e  leading  and t r a i l i n g  edges. 
Each d i s tu rbance  is  propagated a t  t h e  l o c a l  speed of sound, so  t h a t ,  on 
a p l o t  such as shown i n  Fig.  7 ,  t h e  zone of i t s  in f luence  is  bounded by 
p r o j e c t i o n s  of a n  approximately conic  s u r f a c e  whose o r i g i n  is  t h e  po in t  
of t h e  d is turbance .  A s  shown on Fig.  7 ,  traces of t h e  waves from t h e  
edges d i v i d e  t h e  wing i n t o  a number of d i s t i n c t  reg ions .  Po in t s  i n  
r eg ion  (1) have n o t  y e t  been made aware of t h e  changed condi t ions  a t  t h e  
l ead ing  and t r a i l i n g  edges by t h e  a r r i v a l  of t h e  sound waves, and hence 
t h e  loading i n  t h i s  r eg ion  remains e s s e n t i a l l y  unchanged from t h a t  
e x i s t e n t  a t  
t h e  propagat ion of t h e  two sound waves announces t h e  new condi t ions  t o  
inc reas ing  po r t ions  of t h e  wing, and i t  d isappears  completely a t  
‘tl = 0 (c f .  Fig.  8 ) .  This  loading gradual ly  d isappears  as 
‘t1 - tb. Po in t s  i n  r eg ion  (2)  have been made aware of new condi t ions  
@>kCENTER OF PRESSURE 
LOCAT ION 
\ 
Fig.  8. I n d i c i a 1  loading  on two-dimensional wing a t  subsonic speed. 
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at  t h e  l ead ing  edge bu t  are as y e t  unaware of changed cond i t ions  a t  t h e  
t r a i l i n g  edge. The reverse is  t r u e  f o r  p o i n t s  i n  r eg ion  ( 3 ) .  Poin t s  
i n  reg ion  ( 4 )  have become aware of changes a t  bo th  t h e  l ead ing  and 
t r a i l i n g  edges, whereas p o i n t s  i n  r eg ion  (5) i n  a d d i t i o n  have become 
aware of t h e  r e f l e c t i o n  from the  t r a i l i n g  edge of t h e  i n i t i a l  wave from 
t h e  l ead ing  edge. Not long a f t e r  t h e  f i r s t  r e f l e c t i o n ,  t h e  loading  on 
t h e  wing has  e s s e n t i a l l y  assumed t h e  form of i t s  u l t i m a t e  s t eady- s t a t e  
loading (Fig. 8) and only i t s  ampli tude i n c r e a s e s  t h e r e a f t e r  wi th  
inc reas ing  TI, asymptot ica l ly  approaching t h e  s t eady- s t a t e  amplitude.  
Therefore,  as shown i n  Fig.  8, t h e  c e n t e r  of p re s su re  has  e s s e n t i a l l y  
reached i t s  s t eady- s t a t e  p o s i t i o n  whi le  t h e  loading  is s t i l l  inc reas ing  
i n  amplitude.  The above behavior sugges ts  breaking t h e  i n d i c i a l  
pitching-moment f u n c t i o n  i n t o  two s e p a r a t e  c o n t r i b u t i o n s  as shown i n  
Fig.  9. The f i r s t  v a r i a t i o n  r e p r e s e n t s  t h e  pitching-moment c o n t r i b u t i o n  
of t h e  i n t e g r a t e d  loading  i n  r eg ion  (1) .  Accordingly, i t  begins  wi th  
t h e  va lue  h6 (0;6 ( t )  '0) and vanishes  a t  T = tb. The second v a r i a t i o n  
r e f l e c t s  t h e  lumped con t r ibu t ions  of t h e  i n t e g r a t e d  loadings  i n  t h e  
remaining reg ions ;  i n  conformity wi th  t h e  loading ,  i t s  i n i t i a l  va lue  
1 
0 t b  t o  
Fig.  9. Breakdown of i n d i c i a l  response.  
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i s  - ta, - is zero wh i l e  i ts  end va lue ,  e s s e n t i a l l y  a t t a i n e d  a t  
C ( - ;6 ( t ) ,O) .  The sum of t h e  two con t r ibu t ions  is  t h e  i n d i c i a l  
pitching-moment func t ion  C+,(T , ; 6  ( t )  ,O). The end va lues  of t h e  two 
c o n t r i b u t i o n s  are evidenced e x p l i c i t l y  by in t roducing  t h e  normalized 
func t ions  f l  and f ,  as shown i n  t h e  f i g u r e .  This enables  w r i t i n g  
t h e  i n d i c i a l  response i n  t h e  form 
m6 
where f ,  and f ,  vary w i t h i n  t h e  l i m i t s  zero and un i ty .  Then t h e  
de f i c i ency  func t ion  F 3  is  
s o  t h a t  t h e  i n t e g r a l  f o r  C m i  t akes  t h e  form 
Equation (33) c l e a r l y  shows t h e  s t r o n g  dependence of 
steady-state parameter Cm6 (a; 6 ( t )  ,0) . Fur the r ,  t h e  s i g n  r e l a t i o n  
evidenced i n  Eq. (33) should be noted. S ince  t h e  i n t e g r a l  involving f ,  
Cmi on t h e  
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normally w i l l  b e  p o s i t i v e ,  t h e  equat ion  i n d i c a t e s  t h a t  as 
becomes more nega t ive  (i.e.,  s t a t i c a l l y  more s t a b l e ) ,  Cmi 
p o s i t i v e  (%.e., dynamically more uns t ab le ) .  
becomes more 
S ince  f ,  and f ,  are normalized func t ions ,  cases are a n t i c i p a t e d  
where t h e i r  dependence on 6 w i l l  no t  be s i g n i f i c a n t .  For example, t h e  
process  of a r r i v i n g  a t  t h e  form Eq. ( 3 3 )  sugges ts  t h a t  i t  might be  
reasonably accu ra t e  t o  u s e  t h e  l inear  theory  as a b a s i s  f o r  e s t ima t ing  
f ,  and f ,  i n  which case they would not'show a dependence on 6 .  I n  
such cases ,  t h e  i n t e g r a l s  i n  Eq. ( 3 3 )  become cons tan t s .  When i t  can be 
f u r t h e r  assumed t h a t  C,6(0;6( t ) ,0)  is a l s o  independent of 6 ,  t h e  
express ion  f o r  &; t akes  t h e  s imple form 
cm6 * (6 ( t ) )  = A + BCm6 ( " ;6  ( t )  '0) ( 3 4 )  
Despi te  d i f f e r e n c e s  i n  d e t a i l  i n  t h e  formation of t h e  ind iv idua l  
i n d i c i a l  responses ,  t h e  r ep resen ta t ions  of Cm; g iven i n  Eqs. ( 3 3 )  
and ( 3 4 )  should f i n d  a p p l i c a t i o n s  t o  o t h e r  more genera l  c a t e g o r i e s  of 
wings and bodies .  
5 . 4  Experimental Evaluat ion of S t a b i l i t y  Coef f i c i en t s  
r e q u i r e s  a t r u e  s imula t ion  of t h e  
cmq 
Experimental eva lua t ion  of 
p i t ch ing  motion i l l u s t r a t e d  i n  Fig.  6 (b) ;  a t tempts  t o  s imula te  t h i s  
motion have proven s o  d i f f i c u l t  as t o  be imprac t icable .  
hand, an experimental  de te rmina t ion  of t h e  i n d i c i a l  pitching-moment 
response,  and thus  
r e q u i r e s  ins t rumenta t ion  having such r ap id  response c h a r a c t e r i s t i c s  as 
t o  be imprac t icable .  The i n t e r p r e t a t i o n  of C z s  g iven previous ly  might 
provide a b a s i s  f o r  an  experimental  de te rmina t ion  of t h a t  c o e f f i c i e n t  
On t h e  o the r  
C m i ,  from t h e  motion i l l u s t r a t e d  i n  Fig.  6(a)  
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by means of a p p r o p r i a t e  energy measurements. However, d i f f i c u l t i e s  
remain i n  s imula t ing  t h e  r equ i r ed  motion, and i n  any case t h e  in t e rp re -  
t a t i o n  does n o t  suggest  a b a s i s  f o r  an  analogous measurement of t h e  
more important c o e f f i c i e n t  &: . 
Rather t han  undertake t h e s e  very d i f f i c u l t  s e p a r a t e  experiments,  
it can be argued t h a t  on ly  one need be  undertaken involving a combination 
of t h e  t e r m s  
equat ions of motion. While t h i s  need not  be t r u e  i n  genera l ,  i t  is 
c e r t a i n l y  t h e  case when t h e  a i r c r a f t  is  assumed t o  fo l low a n  e s s e n t i a l l y  
r e c t i l i n e a r  f l i g h t  p a t h ,  i .e. ,  when q x u. This is e a s i l y  seen from 
Eq. (26), which can be  r e w r i t t e n  i n  t h e  form 
and C m i ,  s i n c e  they  usua l ly  appear toge ther  i n  t h e  % 
The las t  t e r m  vanishes  i d e n t i c a l l y  when t h e  f l i g h t  pa th  is p r e c i s e l y  
r e c t i l i n e a r ,  and so  may be neglec ted  when depa r tu re s  from a r e c t i l i n e a r  
f l i g h t  pa th  are s m a l l .  Hence, only a s i n g l e  measurement is requi red  of 
t h e  t e r m  
c o e f f i c i e n t .  C lea r ly ,  a measurement of t h e  c o e f f i c i e n t  t h a t  is  i n  
conformity wi th  t h e  way t h e  t e r m  w a s  der ived  r e q u i r e s  a r e c t i l i n e a r  
f l i g h t  pa th  (q = a )  and a motion involv ing  s m a l l  p i t c h i n g  o s c i l l a t i o n s  
i n  0 about a f i x e d  0 equal  t o  t h e  ins tan taneous  va lue  of 0 under 
cons i d e r a  t ion.  
hq + y h g ,  which is  recognized as t h e  damping-in-pitch 
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6 .  NONPLANAR MOTIONS 
The t rea tment  of nonplanar motions raises t h e  ques t ion  of t h e  r o l e  
played by coupzing i n  a nonl inear  formulat ion.  
following: i n  t h e  a n a l y s i s  o f ,  f o r  example, a combined p i t c h i n g  and yaw- 
ing  motion, t h e  l i n e a r i t y  assumption (i.e., i n d i c i a l  responses  independent 
of t h e  p a s t  motion) a l lows  t h e  vec to r  decomposition of t h e  nonplanar motion 
i n t o  two or thogonal  p lanar  motions, t h e  t rea tment  of each p lanar  motion as 
though t h e  o t h e r  were absen t ,  and f i n a l l y  supe rpos i t i on  of t h e  s e p a r a t e  
r e s u l t s .  I n  t h e  nonl inear  regime, where t h e  i n d i c i a l  responses  depend on 
a l l  t h e  v a r i a b l e s  of t h e  p a s t  motion, t h e  aerodynamic response t o  motion i n  
one p l ane  c l e a r l y  w i l l  be  inf luenced by t h e  presence of t h e  o t h e r  motion. 
That i n f luence  is  what is  meant by coupl ing;  t h e  r o l e  ass igned t o  i t  by t h e  
nonl inear  formulat ion i s  s tud ied  i n  t h e  s e c t i o n s  t o  fo l low.  
By coupl ing is  meant t h e  
For s i m p l i c i t y ,  f l i g h t - p a t h  p r o p e r t i e s ,  inc luding  f l i g h t  v e l o c i t y ,  
are aga in  assumed t o  remain cons tan t  throughout t h e  motion, so  t h a t  a 
genera l  motion involves  f i v e  independent v a r i a b l e s .  These are taken 
t o  be t h e  components of t h e  a i r c r a f t ' s  f l i g h t  v e l o c i t y  and angular  
v e l o c i t y  reso lved  e i t h e r  i n  t h e  aerodynamic a x i s  system ( 6 ,  +, A ,  q ,  r )  
o r  i n  t h e  body a x i s  system (a, 6, p B ,  qg,  r g ) .  
genera l  i n t e g r a l  form f o r  t h e  aerodynamic response t o  a motion involv ing  
two v a r i a b l e s  (Eq. 1 5 ) ,  extending i t  t o  f i v e  v a r i a b l e s  is formal and 
r e q u i r e s  no a d d i t i o n a l  explana t ion .  The genera l  i n t e g r a l  forms are 
assumed t o  have been der ived  and s i m p l i f i e d  i n  accordance w i t h  t h e  same 
s i m p l i f i c a t i o n  invoked i n  t h e  a n a l y s i s  of t h e  p l ana r  motions; namely, 
t h a t  t h e  i n d i c i a l  responses  w i t h i n  t h e  i n t e g r a l s ,  i n i t i a l l y  f u n c t i o n a l s ,  
have been rep laced  by func t ions  dependent only on t h e  magnitude of t h e  
A A  
Having e s t ab l i shed  t h e  
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p a s t  motion j u s t  p r i o r  t o  t h e  o r i g i n  of t h e  s t e p s .  The a n a l y s i s  begins ,  
then ,  w i th  s i m p l i f i e d  i n t e g r a l  forms analogous t o  t h e  form app l i cab le  t o  
p l ana r  motion, Eq. (18). 
6 .1  Approximate Formulation i n  t h e  Aerodynamic Axis System 
A s  noted above, t h e  aerodynamic f o r c e  and moment components 
reso lved  i n  t h e  aerodynamic axis system are assumed t o  depend on t h e  
f i v e  v a r i a b l e s  
c o e f f i c i e n t  C ( t )  is  s p e c i f i e d  as a f u n c t i o n a l  of t h e  form 
6 ,  $, i, q ,  r. For example, t h e  pitching-moment 
m 
The s i m p l i f i e d  i n t e g r a l  form analogous t o  t h a t  of Eq. (18) thus  con ta ins  
f i v e  i n t e g r a l s ,  one f o r  each v a r i a b l e .  The i n d i c i a 1  func t ions  wi th in  
t h e  i n t e g r a l s  depend on t - T and t h e  magnitudes of t h e  f i v e  v a r i a b l e s  
j u s t  p r i o r  t o  t h e  o r i g i n  of t h e  s t e p s .  J u s t  as i n  t h e  p lanar  case, t h e  
i n t e g r a l s  can be f u r t h e r  s i m p l i f i e d  by reducing them t o  forms c o r r e c t  
t o  t h e  f i r s t  o rder  i n  frequency, assuming t h a t  6 and $ may be  l a r g e  
bu t  t h a t  t h e  angular  rates A ,  q, r remain small. I f  t h e  procedure 
i l l u s t r a t e d  f o r  t h e  p lanar  case (Eqs. 19-27) is  followed, an expansion 
of t h e  i n t e g r a l s  about  X = 0,  q = 0, r = 0 y i e l d s ,  t o  f i r s t  o rder  i n  
t h e  rates, a sum of s t a b i l i t y  c o e f f i c i e n t s .  The r e s u l t  is 
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where, as before ,  t h e  i n f i n i t y  symbol i n d i c a t e s  s teady  flow. For b r e v i t y  
the  zeros  belonging to A ,  q ,  r have been omitted.  Analogous expres- 
s i o n s  f o r  Cz and 
Cx, Cy, C z  
appears  i n  Eq. (37). 
and t h e  axial ,  s i d e  and normal-force c o e f f i c i e n t s  ‘n 
‘m are obta ined  by s u b s t i t u t i n g  t h e s e  c o e f f i c i e n t s  wherever 
6.2 S impl i f i ca t ion  of t h e  Formulation i n  t h e  Aerodynamic Axis System 
J u s t  as i n  t h e  p lanar  case (Eq. ( 3 5 ) ) ,  a n  a d d i t i o n a l  s i m p l i f i c a t i o n  
of Eq. (37) can be  achieved by invoking t h e  cond i t ions  of an  almost 
r e c t i l i n e a r  f l i g h t  pa th .  The cond i t ions  r e q u i r e ,  as before ,  q x u ,  and, 
i n  a d d i t i o n ,  r u ~i . 
€(iZ/V)Cmr and r e w r i t i n g  E q .  (37) y i e l d s  
Adding and s u b t r a c t i n g  t h e  t e r m s  (a2/V)Cm and 
q 
The las t  two t e r m s  vanish  i d e n t i c a l l y  when t h e  f l i g h t  pa th  i s  p r e c i s e l y  
r e c t i l i n e a r ,  and s o  may be  neglected when depa r tu re s  from a r e c t i l i n e a r  
f l i g h t  pa th  are s m a l l .  The remaining t e r m s  are i d e n t i f i e d  by comparing 
them wi th  those  obtained when t h e  f l i g h t  pa th  is  p r e c i s e l y  r e c t i l i n e a r ,  
where exac t ly ,  q = i, r = 6 $ ,  X = y i ,  and is  t h e  coning rate of t h e  
l o n g i t u d i n a l  a x i s  around t h e  f l i g h t  v e l o c i t y  vec to r .  The r e s u l t  i s  
. .  4 
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Each of t h e  t e r m s  i n  Eq. (38) is as soc ia t ed  wi th  a p a r t i c u l a r  motion 
from which i t  may be  eva lua ted .  
pitching-moment c o e f f i c i e n t  t h a t  would be measured i n  a s teady  p lanar  
The t e r m  Cm(-;6(t) ,+(t))  is  t h e  
motion wi th  6 and + a t  t h e  f L e d  i n c l i n a t i o n s  6 = cons t ,  J, = cons t .  
The t e r m  Cmj, 
from s m a l l  o s c i l l a t i o n s  i n  J, about + = cons t  wi th  6 f i x e d  a t  
6 = cons t  and $I f i x e d  a t  zero.  The t e r m  Cm; is ,  as before ,  t h e  
damping-in-pitch c o e f f i c i e n t  f o r  p l ana r  p i t c h i n g  o s c i l l a t i o n s  about an  
a x i s  normal t o  t h e  p l ane  of a ,  measured now, however, w i th  both 6 
and J, a t  t h e  f i x e d  i n c l i n a t i o n s  6 = cons t ,  $ = cons t .  The t e r m  
i s  t h e  rate of change wi th  
moment c o e f f i c i e n t  t h a t  would be measured i n  a s teady  coning motion, 
6 = cons t ,  $ = cons t ,  $I = cons t .  Thus, coning motion emerges as one 
of t h e  c h a r a c t e r i s t i c  motions requi red  i n  cons t ruc t ing  t h e  response t o  
a n  a r b i t r a r y  nonplanar motion. 
is a damping-in-roll c o e f f i c i e n t  t h a t  would be measured 
'mi 
i = 0, of t h e  p i tch ing-  i Z / V ,  eva lua ted  a t  
I n  summary, wi th  terms m u l t i p l i e d  by (q - a )  and ( r  - E X )  neg lec ted ,  
t h e  aerodynamic f o r c e  and moment system t akes  t h e  form 
Equation ( 4 0 )  sugges ts  t h a t ,  f o r  n e a r l y  r e c t i l i n e a r  f l i g h t  pa ths ,  t h e  
f o r c e s  and moments due t o  an  a r b i t r a r y  motion may be  compounded of t h e  
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c o n t r i b u t i o n s  from four  s imple  motions: 
a t t a c k ,  o s c i l l a t i o n s  i n  r o l l  and p i t c h  a t  cons t an t  r e s u l t a n t  ang le  of 
a t t a c k ,  and coning a t  cons tan t  r e s u l t a n t  a n g l e  of a t t a c k ,  a l l  a t  a 
cons t an t  i n c l i n a t i o n  of t h e  body axes from t h e  c ross f low v e l o c i t y  
vec to r .  The motions are i l l u s t r a t e d  schemat ica l ly  i n  Fig.  10. 
s teady  r e s u l t a n t  ang le  of 
1  STEAD^ ANGLE OF ATTACK PITEH OSCILLATIONS 
ROLL OSCILLATIONS CONING 
Fig. 10.  C h a r a c t e r i s t i c  motions i n  t h e  aerodynamic a x i s  system. 
Linear  dependence on angular  rates. 
6 . 3  
a x i s  
B' r 
Approximate Formulation i n  t h e  Body Axis System 
The aerodynamic f o r c e  and moment components reso lved  i n  t h e  body 
system are assumed t o  depend on t h e  f i v e  v a r i a b l e s  a, B ,  pB, qB, 
For example, t h e  pitching-moment c o e f f i c i e n t  C (t) i s  s a i d  t o  be 
A h  
A 
m 
a func t iona l  of t he  form 
The reduct ions  of t h e  i n t e g r a l  form based on Eq. (41) para l le l  t hose  
of t h e  preceding s e c t i o n s .  
i n t e g r a l  form f o r  C ( t )  y i e l d s ,  t o  f i r s t  o rder  i n  t h e  rates 
Expanded about  pB = 0, qB = 0, rB = 0,  t h e  
A 
m 
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have been omitted. Analogous qB' rB pB, where the zeros belonging to 
expressions for and ? and the axial, side, and normal-force 
coefficients Cx, Cy, Cz are obtained by substituting these coefficients 
wherever C appears in Eq. ( 4 2 ) .  
n 
A A A  
A 
m 
That Eqs. ( 3 7 )  and ( 4 2 )  yield compatible forms may be verified by 
A A 
transferring Cm and Cn to the aerodynamic axis system by the use of 
Eq. (9) and then replacing the variables by variables 
in the aerodynamic axis system through the use of Eqs. ( 4 1 ,  ( 6 1 ,  and ( 8 ) .  
It will be found that each coefficient in 
matched with a combination of coefficients in Cm(t) and en(t) having 
the same multiplying variable. The matches for the coefficients in 
Cm(t) yield: 
. .  A h  
a, B ,  pB, qB, rB 
Cm(t) and Cn(t) can be 
I (43)" 
*Eq. ( 4 3 )  continued on following page 
4 1  
The analogous matches f o r  t h e  c o e f f i c i e n t s  i n  
from Eq. ( 4 3 )  by r ep lac ing  ki wi th  en i and Cni w i t h  -emi. The 
matches f o r  t h e  damping-in-pitch c o e f f i c i e n t  % and t h e  side-moment 
c o e f f i c i e n t s  Cni and (Cn$ - yCn+) are of p a r t i c u l a r  i n t e r e s t .  
Equations ( 3 9 )  and ( 4 3 )  y i e l d  
C n ( t )  may be obtained 
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. . . . 
+ 6 p n r B  cos2 $ + tm s i n 2  Q 
q B  
+ (EnqB + LrB)cOs Q s i n  JI 1 ( 4 5 )  
Combining E q s .  ( 4 4 )  and ( 4 6 )  y i e l d s  t h e  fol lowing i n t e r e s t i n g  equa l i ty :  
The term (kq + .Em;) is recognized as being t h e  p lanar  damping-in-pitch 
c o e f f i c i e n t  measured a long  y f o r  s m a l l  o s c i l l a t i o n s  i n  a about 
B 
h 
B 
= cons t  w i th  he ld  f i x e d  a t  8 = cons t .  S imi l a r ly ,  (enrB - Yen;) 
i s  t h e  damping-in-yaw c o e f f i c i e n t  measured along z f o r  s m a l l  
o s c i l l a t i o n s  i n  8 about  6 = cons t ,  wi th  6 held  f ixed  a t  = cons t .  
Thus, a measurement of (Cn+ - YCnG) would be equiva len t  t o  a measure of 
a combination of t h e  t h r e e  damping c o e f f i c i e n t s .  The i d e n t i t y  is  shown 
schemat ica l ly  i n  Fig.  11. Equation ( 4 7 )  g e n e r a l i z e s  t o  t h e  nonl inear  
case and t o  a r b i t r a r y  bodies  t h e  r e l a t i o n s h i p  between k n i  - Ycn,j,) 
B 
43 
and 
bod 
A 
Crn + 
Fig.  11. Schematic r e p r e s e n t a t i o n  of t h e  e q u a l i t y  between 
(cn+ - ycn,j,)/s and t h e  t h r e e  damping c o e f f i c i e n t s .  
t h e  damping c o e f f i c i e n t s  t h a t  w a s  po in ted  out  and 
es of r e v o l u t i o n  i n  t h e  l i n e a r  case i n  Ref. 5. I 
v e r i f i e d  f o r  
is noted t h a  
(cni - YCn+) equals  6 ( k q ,  + .&,.,a) when G = 0 and equals  
&(enrg - y6.i) when 
of t h e  moment system can be  assumed t o  hold (e.g., when 
i t  i s  c o n s i s t e n t  t o  assume t h a t  t h e  coupl ings between motions i n  a 
and 2 w i l l  be  n e g l i g i b l y  s m a l l .  Under t h e s e  cond i t ions ,  t h e  measure- 
ment of (Cn+ - yCnj/) a t  2 = 0 and aga in  a t  $ = 0 is  a l l  t h a t  i s  
requi red  t o  y i e l d  measures of t h e  damping c o e f f i c i e n t s  c h a r a c t e r i s t i c  
of t h e  two uncoupled modes. 
= 0. Under cond i t ions  where a l i n e a r  formulat ion 
+ 0, 8 -+ 0) 
A 
6 . 4  Simpl i f i ca t ion  of t h e  Formulation i n  t h e  Body Axis System 
When t h e  assumption of a nea r ly  r e c t i l i n e a r  f l i g h t  pa th  is  j u s t i -  
f i e d ,  Eq. ( 4 2 )  can be s impl i f i ed  t o  y i e l d  a form analogous t o  t h a t  of 
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Eq. (38) i n  t h e  aerodynamic axis system. The approximate expressions 
f o r  q and rB, c o n s i s t e n t  w i t h  q , =  G, r IZ ~ i ,  are B 
A i a 
B = - v + p B Y  
S u b s t i t u t i n g  i n  E q .  ( 4 2 )  gives  
Again, each of t h e  t e r m s  i n  Eq. ( 4 9 )  is  as soc ia t ed  wi th  a p a r t i c u l a r  
motion from which it  can  be evaluated.  The f i r s t  term i s  t h e  p i tch ing-  
moment c o e f f i c i e n t  a long  yB 
motion wi th  ; and 8  ^ a t  t h e  f i x e d  i n c l i n a t i o n s  = cons t ,  B = cons t .  
The combination of terms mul t ip l i ed  by p Z/Vy can be shown (from 
Eq. ( 4 5 ) )  t o  be t h e  rate of change wi th  4 = 0 ,  of 
t h e  pitching-moment c o e f f i c i e n t  a long  y t h a t  would be measured i n  a 
s teady  coning motion The t h i r d  term 
has  a l r eady  been def ined  as t h e  damping-in-pitch c o e f f i c i e n t  measured 
a long  y f o r  s m a l l  o s c i l l a t i o n s  i n  & about  = cons t  wi th  B^ held  
f i x e d  a t  3 = cons t .  
r e s u l t i n g  from t h e  o s c i l l a t o r y  motion i n  t h e  
t h a t  would be measured i n  s teady  p lanar  
B 
$Z/V, evalua ted  a t  
B 
A 
a = cons t ,  8 = cons t ,  $ = cons t .  
B 
The term (& - y h k )  is  a cross-coupling t e r m  
r B  
B p lane  requi red  f o r  t h e  
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eva lua t ion  of t h e  damping-in-yaw c o e f f i c i e n t .  This  t e r m  and t h e  
analogous t e r m  i n  t n ( t )  , (enqB + yen;) are t h e  nonl inear  i n t e r a c t i o n  
t e r m s  t h a t  are normally excluded i n  t h e  c lass ical  t rea tment  and are 
missed by a t tempts  t o  gene ra l i ze  from l i n e a r  formulat ions based on t h e  
p r i n c i p l e  of superpos i t ion .  
I n  summary, f o r  nea r ly  r e c t i l i n e a r  f l i g h t  pa ths ,  t h e  aerodynamic 
f o r c e  and moment system i n  body axes t a k e  t h e  form 
In  t h e  body a x i s  system, t h e  four  c h a r a c t e r i s t i c  motions are s teady  
ang le  of a t t a c k  and s i d e s l i p ,  coning a t  cons t an t  ang le  of a t t a c k  and 
s i d e s l i p ,  and t h e  o s c i l l a t i o n s  i n  p i t c h  and i n  yaw a t  cons tan t  angles  
of a t t a c k  and s i d e s l i p .  The o s c i l l a t i o n s - i n - r o l l  motion t h a t  w a s  
requi red  i n  t h e  aerodynamic a x i s  system is ,  i n  e f f e c t ,  incorporated i n  
t h e  o s c i l l a t i o n s  i n  p i t c h  and yaw motions i n  the  body a x i s  system. A n  
o s c i l l a t i o n  i n  wi th  6 he ld  f i x e d ,  f o r  example, w i l l  be  seen  t o  
involve an  o s c i l l a t i o n  i n  $. The four  motions are i l l u s t r a t e d  
schemat ica l ly  i n  Fig.  12. 
%e 
#6 %e 
CONING STEADY ANGLE OF ATTACK YAW OSCILLATIONS PITCH OSCILLATIONS 
AND SIDESLIP 
Fig. 12.  C h a r a c t e r i s t i c  motions i n  t h e  body a x i s  system. 
Linear  dependence on angular  rates. 
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6.5 Body of Revolution 
Symmetry cons ide ra t ions  i n  t h e  body axis system can  be  used t o  
f u r t h e r  s p e c i f y  t h e  form of t h e  aerodynamic c o e f f i c i e n t s .  
w i l l  be  c a r r i e d  out  f o r  t h e  body of r evo lu t ion ,  s i n c e  they  can be c a r r i e d  
f a r t h e s t  i n  t h i s  case and w i l l  i n d i c a t e  t h e  form of t h e  i n t e r a c t i o n  
t e r m s .  
The arguments 
A A 
Consider an  a r b i t r a r y  motion i n  ct and B w i t h  pB = 0. The most 
genera l  form t h a t  can be  w r i t t e n  f o r  t h e  p i t c h i n g  moment t h a t  i s  of 
t h i r d  o rde r  i n  t h e  ang le s  and f i r s t  o rde r  i n  t h e  rates i s  
The requirement t h a t  e be  an  odd func t ion  of & and an even func t ion  
of B reduces Eq. (51) t o  
m 
A 
The requirement t h a t  e be  equal  t o  -e when i and are i n t e r -  
changed g ives  f o r  E n ( t )  
n m 
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F i n a l l y ,  t h e  
b e  normal t o  
g ives  
s o  t h a t  
A 
Cm(t) = 
-Cn(t) = 
A 
requirement t h a t  
t h e  d i r e c t i o n  of 
t h e  t o t a l  moment i n  
8 when t h e  motion 
a3 = a9 
b4 = b2 - ~5 
t h e  c ross f low p lane  
is  p lana r  (.j, = 0) 
Matching c o e f f i c i e n t s  i n  Eq. (50) y i e l d s  
For t h e  body of r evo lu t ion ,  t h e  i n t e r a c t i o n  t e r m s  are equal  and t h e i r  
form t o  second o rde r  is  a product  of & and i. Equation (56) can be 
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used t o  f i n d  t h e  analogous t e r m s  i n  t h e  aerodynamic axis system. 
Equations (43) - (47) y i e l d  
A s  r equ i r ed ,  t h e  c o e f f i c i e n t s  i n  t h e  aerodynamic axis system are 
func t ions  only of 6 .  Note t h a t  C 
when 
be t r u e  may b e  v e r i f i e d  by in spec t ion  of Fig.  11. The r e l a t i o n s h i p  
between CG and (C.6 - ycn,i,) / 6 is of p a r t i c u l a r  i n t e r e s t .  Equa- 
t i o n  (57)  i n d i c a t e s  t h a t  t o  f i r s t  o rder  i n  6 ( i . e . ,  s m a l l  6 where a 
l i n e a r i z e d  theory  can be expected t o  ho ld ) ,  t h e  two t e r m s  must be equal ;  
bu t  t h i s  requirement does not hold f o r  l a r g e r  va lues  of 6 where t e r m s  
of 0(cS2) must be r e t a ined .  The consequences of t h e  breakdown of t h e  
e q u a l i t y  have been d iscussed  several times ( c f . ,  f o r  example, Refs. 6 
and 14 ) .  B r i e f l y ,  breakdown of t h e  e q u a l i t y  is proof t h a t  t h e  l i n e a r  
s t a b i l i t y  d e r i v a t i v e  formula t ion  cannot b e  ex t r apo la t ed  i n t o  t h e  
nonl inear  regime simply by al lowing t h e  c o e f f i c i e n t s  t h a t  appear as 
equals  (LqB + yem;) only nG 
= 0 and equals  (EnrB - yEni) only when = 0. That t h i s  must 
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i d e n t i c a l  cons t an t s  i n  t h e  l i n e a r  formula t ion  t o  become i d e n t i c a l  
func t ions  of 6.  A formulat ion inco rpora t ing  t h i s  erroneous assumption 
can be  shown t o  y i e l d  misleading r e s u l t s  when used i n  a program f o r  
e x t r a c t i n g  nonl inear  aerodynamic c o e f f i c i e n t s  from f r e e - f l i g h t  d a t a  [ 6 ] .  
The s i g n i f i c a n t  a s p e c t s  of t h e  r e l a t i o n s h i p  between % and 
(Cn$ - yCnji)/6 have been confirmed by t h e  r e s u l t s  of two r e c e n t  
experiments.  The f i r s t  involved sp inning  and coning motions of a s l ende r  
cone a t  a supersonic  speed [5]. The r e s u l t s ,  obtained wi th  a n  appara tus  
t h a t  a l lows i n v e s t i g a t i o n  of s e p a r a t e  o r  combined spinning and coning 
motions, are important  i n  two r e s p e c t s :  f i r s t ,  experiments w i th  a 
pure ly  spinning cone a t  cons tan t  6 (i.e., t h e  c lass ical  Magnus experi-  
ment 6 = cons t ,  $ = cons t ,  4 = 0, which, f o r  bodies  of r evo lu t ion ,  can  
be  used t o  r e p l a c e  t h e  o s c i l l a t i o n s - i n - r o l l  experiment r equ i r ed  t o  
measure Cnli, f o r  nonaxisymmetric bodies)  f a i l e d  t o  r e v e a l  a measurable 
Magnus moment c o e f f i c i e n t  Cn+; and second, t h e  r e s u l t s  confirmed t h a t ,  
w i th  Cn. n e g l i g i b l y  s m a l l ,  t h e  e q u a l i t y  t h a t  should e x i s t  f o r  s m a l l  
6 is  an  e q u a l i t y  between t h e  side-moment c o e f f i c i e n t  due t o  coning 
C 0 / 6  and The main r e s u l t s  are shown i n  Fig.  13. Measured 
va lues  of Cn* are seen  t o  be i n  e x c e l l e n t  agreement a t  small 6 wi th  
t h e  s t r a i g h t - l i n e  v a r i a t i o n  6% obta ined  from a l i n e a r  p o t e n t i a l  
t heo ry [15] .  The breakdown of t h e  e q u a l i t y  a t  l a r g e r  6 has  been 
confirmed by t h e  r e s u l t s  of a second experiment c a r r i e d  o u t  by 
Iyengar [16].  
G; over a l a r g e  range of 6 w i th  both model and wind-tunnel cond i t ions  
t h e  same as those  used i n  t h e  coning experiment. The r e s u l t s ,  a l s o  
shown i n  Fig.  13,  c l e a r l y  confirm t h a t  t h e  e q u a l i t y  does n o t  hold a t  
+ 
n@ 
4 
This w a s  a c a r e f u l  o s c i l l a t i o n s - i n - p i t c h  experiment f o r  
0 C"4, REF. 5 
0 BCm;, REF. 16 
THEORY: - SCm&, REF. 15 
0 .I .2 .3 .4 .5 
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Fig .  13. Var i a t ion  of 6&; and C n i  w i th  6 ;  
Mach number = 2.0,  Z /Z = 0.61. 
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l a r g e  6 .  Equation (57) shows t h a t  t h e  source  of t h e  i n e q u a l i t y  between 
Cm;r and (Cn; - yCn$)/6 l i es  i n  t h e  t e r m  c5, t h e  c o e f f i c i e n t  of t h e  
cross-coupling t e r m s  
r e s u l t s  i n d i c a t e  t h a t  Ic5 I > Ib2 I , where b2 is  t h e  c o e f f i c i e n t  of t h e  
- Y e m i )  and (enqB + &a). The experimental  (GrB 
nonlinear  c o n t r i b u t i o n  t o  %;r . 
a t  leas t  of t h e  s a m e  o rde r  of magnitude as t h e  nonl inear  p a r t  of t h e  
That i s ,  t h e  cross-coupling terms are 
p r i n c i p a l  damping c o e f f i c i e n t ,  and s o  must be  r e t a i n e d  f o r  cons is tency  
whenever n o n l i n e a r i t i e s  are admit ted i n t o  t h e  p r i n c i p a l  t e r m s  of t h e  
aerodynamic formulat ion.  Why t h e  cross-coupling t e r m s  must e x i s t  when 
a and B become s u f f i c i e n t l y  l a r g e  i s  ind ica t ed  below. 
A A 
Consider a body of r e v o l u t i o n  i n  uniform s ink ing  and s i d e s l i p p i n g  
A A 
motion 
i l l u s t r a t e d  i n  Fig.  14.  The r e s u l t a n t  normal-force c o e f f i c i e n t  
C (m;a,B) i n i t i a l l y  is  a l i n e d  wi th  t h e  r e s u l t a n t  angle-of-at tack vec to r .  
A t  time zero,  t h e  body is  given a s t e p  change i n  wi th  I? held  f ixed .  
a = cons t ,  B = cons t ,  wi th  pB, qB, rB = 0. The motion is  
A A A  
R 
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TIME -+a 
A .  
Fig.  14.  Maneuver showing o r i g i n  of cross-coupling t e r m  . a 
This is t h e  experiment t h a t  would y i e l d  t h e  i n d i c i a 1  normal-force 
response &-(t;;,B) t o  which t h e  t e r m  Cz- i s  r e l a t e d  by an  i n t e g r a l ,  
As shown i n  Fig.  14,  subsequent t o  t h e  change i n  a t h e  r e s u l t a n t  
normal-force c o e f f i c i e n t  
r o t a t e  i n  o rde r  t h a t  i t  be a l i n e d  wi th  t h e  r e s u l t a n t  ang le  of a t t a c k  
aga in  a f t e r  a s teady  state has  been e s t ab l i shed .  
i n  
which t h e  r e s u l t a n t  normal f o r c e  r o t a t e s  t o  i t s  new p o s i t i o n .  The 
induced time-dependent s i d e  f o r c e  i s  r e l a t e d  by a n  i n t e g r a l  t o  t h e  
cross-coupling t e r m  e t h a t  appears  i n  t h e  express ion  f o r  Ey( t ) .  
Such a t e r m  must e x i s t  whenever a maneuver i n  a occurs  i n  t h e  presence 
of a nonzero B .  
A .  
a 
CI 
E,(t;& + A & , $ )  , i n  a d d i t i o n  t o  growing, must 
C lea r ly ,  a s t e p  change 
A 
a w i l l  induce a time-dependent s i d e  f o r c e  i n  t h e  i n t e r v a l  during 
Y& 
A 
52 
.. .-- .... , ._. .... .. .~ .--- 
6 . 6  A i r c r a f t  Spin Motions 
The emergence of coning motion as a c h a r a c t e r i s t i c  motion i n  both 
t h e  aerodynamic and body axis systems emphasizes i t s  importance i n  t h e  
non l inea r  formulat ion.  
simultaneous p e r i o d i c  v a r i a t i o n  of two or thogonal  p l ana r  motions; i n  
thus  enabl ing two p lana r  motions t o  i n t e r a c t ,  coning motion can be s a i d  
t o  c h a r a c t e r i z e  t h e  coupl ing problem. 
With pB = 0, coning motion i s  equ iva len t ly  t h e  
Fur ther  evidence of i t s  important is  t h e  obvious s i m i l a r i t y  between 
coning motion and t h e  s teady  s p i n  of a n  a i r c r a f t ,  sugges t ing  t h a t  a 
moment formula t ion  based on e i t h e r  Eq. ( 4 0 )  o r  Eq. (50) w i l l  p roper ly  
d e s c r i b e  t h e  aerodynamic responses  of sp inning  a i r c r a f t .  This view is  
encouraged by t h e  success  achieved i n  two a t tempts  t o  reproduce a i rcraf t  
o r  model s p i n  motions by c a l c u l a t i o n s  based on aerodynamic formulat ions 
bear ing a s i m i l a r i t y  t o  those  proposed here .  I n  t h e  f i r s t  [17] ,  t h e  
a c t u a l  s p i n s  of a n  F-100 a i r c r a f t  w e r e  reproduced by c a l c u l a t i o n s  based 
on a n  aerodynamic formula t ion  t h a t  c a l l e d  p r i n c i p a l l y  f o r  wind-tunnel 
measurements of t h e  convent ional  s t a t i c  f o r c e s  and moments. I n  t h e  
second [ 1 8 ] , t h e  s p i n s  of a delta-wing model i n  a s p i n  tunnel  w e r e  
reproduced by c a l c u l a t i o n s  based on a n  aerodynamic formulat ion t h a t  
c a l l e d  p r i n c i p a l l y  f o r  wind-tunnel measurements of t h e  f o r c e s  and moments 
on a model i n  coning motion. The formula t ions  based on Eqs. ( 4 0 )  and 
(50) i n  e f f e c t  i nc lude  t h e s e  motions w i t h i n  t h e  f o u r  c h a r a c t e r i s t i c  
motions whose f o r c e  and moment c o n t r i b u t i o n s  are requi red  t o  b u i l d  up 
t h e  response t o  a n  a r b i t r a r y  motion. It is  known, however, t h a t  i n  t h e  
establ ishment  of a s p i n  t h e  l a r g e  asymmetric r eg ions  of s epa ra t ed  flow 
on t h e  wings of t h e  a i r c r a f t  may cause t h e  aerodynamic responses  t o  be 
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nonl inear  func t ions  of t h e  s p i n  rate, even a t  low s p i n  rates. This 
c o n t r a d i c t s  t h e  assumption underlying t h e  development of Eqs. (40) and 
(50) t h a t  t h e  aerodynamic responses  be l i n e a r  func t ions  of t h e  rates. 
The au tho r s  have shown r e c e n t l y  [9] how t h e  formula t ions  can be general-  
i zed  t o  a l low a nonl inear  dependence on t h e  coning rate, which should 
make them more f u l l y  a p p l i c a b l e  t o  t h e  a n a l y s i s  of s p i n  motions. The 
r e s t r i c t i o n  imposed previous ly  on t h e  degree of cognizance of t h e  p a s t  
motion allowed t h e  i n d i c i a 1  response remains i n  f o r c e ,  however, s o  t h a t  
aerodynamic h y s t e r e s i s  e f f e c t s  s t i l l  cannot be acknowledged w i t h i n  t h e  
scope of t h e  o therwise  extended formula t ions .  The main r e s u l t s  are 
ind ica t ed below. 
6.6.1 Aerodynamic Axis System: The genera l ized  formulat ion para l -  
l e l i n g  t h a t  of 
t akes  t h e  form 
Eq. ( 4 0 )  (aga in  assuming a n e a r l y  r e c t i l i n e a r  f l i g h t  pa th)  
That Eq. (58) reverts t o  Eq. ( 4 0 )  when t h e  l i n e a r i t y  cond i t ion  on coning 
rate is  reimposed can be seen  by expanding t h e  t e r m s  i n  Eq. (58) t o  f i r s t  
o rder  about i / y  = 0. The f i r s t  t e r m  i n  Eq. ( 5 8 )  is  t h e  c o e f f i c i e n t  t h a t  
would be measured i n  a s teady  coning motion 6 = cons t ,  $ = cons t ,  
4 = h / y  = cons t .  A s  before ,  t h e  t e r m  Ck; i s  t h e  damping-in-pitch 
c o e f f i c i e n t  t h a t  would be measured from s m a l l  o s c i l l a t i o n s  i n  o about 
u = cons t  w i th  JI f ixed  a t  $ = cons t  bu t  now, i n  a d d i t i o n ,  i n  the 
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presence of a steady coning “%On Simi la r ly ,  Cki is  
t h e  damping-in-roll c o e f f i c i e n t  t h a t  would be measured from small o s c i l -  
l a t i o n s  i n  $ about JI = cons t  wi th  6 f i x e d  a t  6 = cons t  and i n  t h e  
presence of a s t eady  coning motion 
f u n c t i o n a l  dependence on 
f o r  f l i g h t  wi th  given va lues  of a t  a p a r t i c u l a r  i n s t a n t ,  
t h e  aerodynamic c o e f f i c i e n t s  t h a t  are t o  be a s soc ia t ed  wi th  t h a t  i n s t a n t  
are those  eva lua ted  around a coning motion having cons t an t  va lues  of 
and $ equal  t o  t h e  ins tan taneous  f l i g h t  va lues  and a cons tan t  va lue  
of coning rate equal  t o  t h e  ins tan taneous  va lue  of 
+ = i / y  = cons t .  
$ = i / y  = const .  The ind ica t ed  
6 ,  $, i / y  must be i n t e r p r e t e d  as fol lows:  
6 ,  $, i, q,  r 
6 
i / y .  
Thus, t h e  four  c o n t r i b u t i o n s  r equ i r ed  i n  Eq. ( 4 0 )  t o  b u i l d  up t h e  
response t o  an a r b i t r a r y  motion reduce t o  t h r e e  when a nonl inear  
dependence on coning r a t e  is  admit ted.  This i s  because t h e  f i r s t  t e r m  
i n  Eq. (58) 
r ep laces  two terms i n  Eq. ( 4 0 )  r ep resen t ing  t h e  expansion of 
Ck(m;6,+,i/y) around x/y  = 0 t o  f i r s t  o rde r  i n  i / y .  The more important 
change, however, a t  least from t h e  experimental  s t andpo in t ,  i s  t h a t  
r e t a i n i n g  a nonl inear  dependence on coning r a t e  r e q u i r e s  f o r  cons is tency  
t h a t  t h e  o s c i l l a t o r y  experiments be c a r r i e d  out  i n  t h e  presence of coning 
motion. The t h r e e  motions are i l l u s t r a t e d  schemat ica l ly  i n  Fig.  15. 
Ck(a;6,$,X/y) is  t h e  gene ra l  t e r m  which, it now appears ,  
CONING PITCH OSCILLATIONS ROLL OSCILLATIONS- 
AND CONING AND CONING 
Fig.  15. C h a r a c t e r i s t i c  motions i n  t h e  aerodynamic a x i s  system. 
Nonlinear dependence on coning ra te .  
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6.6.2 Body Axis System: The genera l ized  formula t ion  p a r a l l e l i n g  
t h a t  of Eq. (50) t akes  t h e  form 
Equation (59) r e v e r t s  t o  Eq. (50) upon expanding t h e  terms i n  Eq. (59) 
t o  f i r s t  o rder  about  
c o e f f i c i e n t  t h a t  would be  measured i n  a s teady  coning motion 
6 = p /y = cons t  w i th  i and $ a t  t h e  f i x e d  i n c l i n a t i o n s  & = cons t ,  
B = cons t .  The second t e r m  i s  t h e  damping-in-pitch c o e f f i c i e n t  t h a t  
would be measured from s m a l l  o s c i l l a t i o n s  i n  ct about a = cons t  w i t h  
f i x e d  a t  = cons t  and i n  t h e  presence of a s teady  coning motion 
The t h i r d  t e r m  r e s u l t s  from small o s c i l l a t i o n s  i n  
pB/y = 0. The f i r s t  t e r m  i n  Eq. (59) i s  t h e  
B 
A 
A A 
I$ = p /y = cons t .  B 
about = cons t  w i t h  f i x e d  a t  = cons t  and i n  t h e  presence 
of a s teady  coning motion 
rate on which t h e  t e r m s  depend i n  Eq. (59) is no t  equal  i n  
magnitude t o  t h e  coning ra te  4 = i / y  i n  Eq. (58).  The rates d i f f e r  
by $/y. 
of t h e  coning ra te  f o r  t h e  aerodynamic c o e f f i c i e n t s  t h a t  are t o  be 
a s soc ia t ed  wi th  a n  ins tan taneous  f l i g h t  cond i t ion  is  t h a t  formed from 
t h e  ins tan taneous  v a l u e  of pB/y. 
body a x i s  system are  i l l u s t r a t e d  schemat ica l ly  i n  Fig.  16.  
4 = p,/y. It should be noted t h a t  t h e  coning 
4 = pB/y 
Thus, i n  t h e  body a x i s  system, t h e  appropr i a t e  cons tan t  va lue  
The t h r e e  motions requi red  i n  t h e  
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PITCH 
Fig. 16.  C h a r a c t e r i s t i c  motions i n  the  body a x i s  system. 
Nonlinear dependence on coning rate.  
6.6.3 S p i n  Radius: Equations (58) and (59) w e r e  der ived  on t h e  
assumption of a nea r ly  r e c t i l i n e a r  f l i g h t  pa th ,  which would apparent ly  
r e s t r i c t  t h e i r  a p p l i c a t i o n  t o  s p i n  motions having e s s e n t i a l l y  zero s p i n  
r ad ius .  It can  be shown, however, t h a t  t h e  r e s u l t s  w i l l  apply as w e l l  
t o  s p i n  motions having cons tan t  s p i n  r ad ius .  Motions having a cons tan t  
s p i n  r ad ius  can be cha rac t e r i zed  by t h e  ex i s t ence  of a p o i n t  o the r  than  
t h e  mass-center about which t h e  body r o t a t e s .  
t h e  body x a x i s ,  i s  i t s e l f  i n  e s s e n t i a l l y  r e c t i l i n e a r  motion. The 
ex i s t ence  of such a p o i n t  u sua l ly  w i l l  guarantee f u l f i l l m e n t  of t h e  
condi t ions  under which Eqs. (58) and (59) apply,  namely, q - cs 2 0 ,  
r - ~i 0. The p r i n c i p a l  r e s t r i c t i o n  i s  t h a t  Iqx/VI, Irx/VI << 1, 
where x is  t h e  d i s t a n c e  along x between t h e  mass-center and t h e  B 
po in t  i n  nea r ly  rec t i l inear  motion. Var i a t ions  i n  s p i n  r a d i u s  x s i n  u 
a l s o  can be t o l e r a t e d  under t h e  a d d i t i o n a l  r e s t r i c t i o n  
This po in t ,  which l i es  on 
B 
I&/Vl  << 1. 
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6.7 Requirements f o r  Experiments 
Within t h e  assumption of a l i n e a r  dependence of t h e  moment on coning 
rate, t h e  a n a l y s i s  sugges ts  t h a t  t h e  moment c o n t r i b u t i o n s  r e s u l t i n g  from 
four  c h a r a c t e r i s t i c  motions are requi red  t o  completely s p e c i f y  t h e  
nonl inear  moment system f o r  a r b i t r a r y  motions about  nea r ly  r e c t i l i n e a r  
f l i g h t  pa ths  (Figs .  10 and 12) .  For wind-tunnel tests i n  the  aerodynamic 
axis system, two k inds  of appara tus  would appear  t o  be  necessary:  
(1) A coning and sp inning  appara tus  s i m i l a r  t o  t h e  one descr ibed 
i n  Ref. 5. (For nonaxisymmetric bodies ,  t h e  s p i n  motor t h a t  
reproduced t h e  cons tan t  s p i n  rate 
by a device  reproducing s m a l l  o s c i l l a t i o n s  i n  j J  about 
I) = cons t . )  Such an  appara tus  should be  capable  of measuring 
t h e  moment c o n t r i b u t i o n s  due t o  s teady  r e s u l t a n t  angle  of 
a t t a c k ,  coning a t  cons tan t  r e s u l t a n t  a n g l e  of a t t a c k ,  and 
o s c i l l a t i o n s  i n  r o l l  a t  cons tan t  r e s u l t a n t  ang le  of a t t a c k .  
4 would have t o  be replaced 
(2) An osc i l l a t ions - in -p i t ch  appara tus  f o r  measuring t h e  moments 
due t o  s m a l l  o s c i l l a t i o n s  i n  u about a f i x e d  u wi th  t h e  
a x i s  of r o t a t i o n  o r i en ted  normal t o  t h e  u p lane .  It is  
emphasized t h a t  f o r  nonaxisymmetric bodies ,  t h e  o s c i l l a t i o n s -  
in -p i tch  appara tus  must be capable  of measuring no t  only t h e  
p i t c h i n g  moment but  a l s o  t h e  induced s i d e  and r o l l i n g  moments. 
Wind-tunnel tests i n  t h e  body a x i s  system r e q u i r e  t h e  same coning 
experiment as i n  t h e  aerodynamic a x i s  system and, i n  a d d i t i o n ,  s epa ra t e  
osc i l l a t ions - in -p i t ch  and osci l la t ions- in-yaw experiments.  The 
osc i l l a t ions - in -p i t ch  device  must be capable  of s imultaneously measuring 
a l l  t h r e e  moment components due t o  small o s c i l l a t i o n s  i n  a about a 
A 
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I 
f i x e d  6 wi th  he ld  f ixed .  The s a m e  dev ice  can be used i n  t h e  
osci l la t ions- in-yaw experiment,  i n  which t h e  r o l e s  of and are 
reversed.  Hence, experiments c a r r i e d  ou t  i n  t h e  body a x i s  system, 
r e q u i r i n g  only a s i n g l e  o s c i l l a t o r y  device ,  would appear t o  have an  
advantage over t hose  i n  t h e  aerodynamic axis system from t h e  s tandpoin t  
of economics. It is  e s s e n t i a l ,  however, t h a t  t h e  o s c i l l a t o r y  experiments 
i n  t h e  body a x i s  system enable  t h e  measurement of t h e  nonl inear  i n t e r -  
a c t i o n  t e r m s  even for bodies of revolution. Recently,  t h e  success fu l  
development of a device  capable  of measuring t h e s e  i n t e r a c t i o n  t e r m s  has  
been repor ted  [19] .  
I n  programs designed t o  e x t r a c t  t h e  nonl inear  aerodynamic 
c o e f f i c i e n t s  from f r e e - f l i g h t  da t a ,  of course  i t  i s  recommended t h a t  a 
form f o r  t h e  aerodynamic moment system based on Eq. ( 4 0 )  o r  Eq. (50) be 
incorpora ted .  It has a l r eady  been noted [6]  t h a t  procedures not  a l lowing 
f o r  t h e  presence of i n t e r a c t i o n  t e r m s  i n  t h e  r e p r e s e n t a t i o n  of t h e  moment 
system can a s s i g n  erroneous weights t o  t h e  remaining t e r m s .  
El iminat ing the  assumption of a l i n e a r  dependence of t h e  moment on 
coning r a t e  reduces t h e  number of c h a r a c t e r i s t i c  motions requi red  from 
four  t o  t h r e e :  i n  e i t h e r  a x i s  system, a coning motion and two 
o s c i l l a t o r y  motions i n  t h e  presence of coning (F igs .  15  and 16) .  Experi- 
ments designed t o  reproduce t h e  motions i n  t h e  wind tunnel  aga in  r e q u i r e  
t h e  coning appara tus  and t h e  types of o s c i l l a t o r y  devices  j u s t  descr ibed .  
The s i g n i f i c a n t  a d d i t i o n a l  requirement t h a t  each of t h e  o s c i l l a t o r y  
experiments be c a r r i e d  o u t  i n  t h e  presence of coning means, of course ,  
t h a t  now t h e  o s c i l l a t o r y  devices  must be incorpora ted  i n  t h e  coning 
appara tus .  These obviously d i f f i c u l t  experiments,  involving o s c i l l a t o r y  
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and coning motions i n  combination, are requ i r ed  only  where t h e  moment 
c o n t r i b u t i o n  due t o  s teady  coning shows a s i g n i f i c a n t  nonl inear  depend- 
ence on coning rate. Otherwise, t h e  experiments may b e  conducted 
s e p a r a t e l y  as descr ibed  above. Useful  surveys  of t h e  needs and 
c a p a b i l i t i e s  f o r  ca r ry ing  out experiments i n  t h e  wind tunnel  i nvo lv ing  
o s c i l l a t o r y ,  r o t a r y ,  and combined motions a t  h igh  ang le s  of a t t a c k  are 
a v a i l a b l e  i n  Refs. 20 and 21. 
7. CONCLUDING REMARKS 
A s tudy  aimed a t  extending t h e  no t ions  of aerodynamic i n d i c i a l  
func t ions  and supe rpos i t i on  i n t e g r a l s  i n t o  t h e  nonl inear  regime has  shown 
t h a t  r ep lac ing  t h e  i n d i c i a l  func t ions  w i t h i n  t h e  i n t e g r a l s  by f u n c t i o n a l s ,  
themselves dependent on t h e  p a s t  motion, ach ieves  t h e  d e s i r e d  o b j e c t i v e .  
A s imple s p e c i f i c a t i o n  of t h e  degree t o  which t h e  reformulated i n d i c i a l  
responses  are cognizant  of t h e  p a s t  motion l e d  t o  p r a c t i c a b l e  nonl inear  
g e n e r a l i z a t i o n s  of t h e  l i n e a r  supe rpos i t i on  and s t a b i l i t y  d e r i v a t i v e  
formulat ions of t h e  aerodynamic response t o  a r b i t r a r y  motions. Applied 
t o  a r b i t r a r y  nonplanar motions, t he  g e n e r a l i z a t i o n  y ie lded  a form f o r  
t h e  aerodynamic response b u i l t  up of t h e  c o n t r i b u t i o n s  from a l i m i t e d  
number of well-defined c h a r a c t e r i s t i c  motions, i n  p r i n c i p l e  reproducib le  
i n  t h e  wind tunnel .  Further  g e n e r a l i z a t i o n s ,  enabl ing  t h e  acknowledg- 
ment of more gene ra l  c a t e g o r i e s  of aerodynamic phenomena wi th in  t h e  
scope of t h e  formulat ion,  are poss ib l e .  The c h a r a c t e r i s t i c  f e a t u r e  of 
h y s t e r e s i s ,  mult ivalued aerodynamic responses ,  could be acknowledged, 
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f o r  example, by extending t h e  degree t o  which t h e  i n d i c i a 1  responses  are 
cognizant o f  t h e  p a s t  motion one s t e p  beyond t h a t  s p e c i f i e d  i n  t h i s  
s tudy.  
Ames Research Center  
National Aeronautics and Space Adminis t ra t ion 
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